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Sunto.− Lameccanica cellulare, disciplina ponte fra biologia cellulare e meccanica, può
grandemente giovarsi delle recenti tecnologie di microscala, che, grazie alla loro effica-
cia in termini di capacità di processo, costi e facilità di fabbricazione, rendono possibili
nuove direzioni di ricerca. In questo lavoro sono discussi due esempi di tali tecnologie: la
citometria microfluidica ad impedenza e l’elettrodeformazione degli eritrociti. La prima
è una tecnologia lab-on-chip che offre una soluzione semplice e non invasiva per identifi-
care e monitorare le caratteristiche biofisiche e meccaniche a livello di singola cella, senza
richiedere alcunamarcatura. La seconda, complementare alla prima, rende possibile la de-
formazione cellulare tramite un campo elettrico applicato.

∗ ∗ ∗

Abstract. − Cell mechanics is a discipline that bridges cell biology with mechanics.
Emerging microscale technologies are opening new venues in the field, due to their cost-
effectiveness, relatively easy fabrication, and high throughput. Two examples of those
technologies are discussed here: microfluidic impedance cytometry and erythrocyte elec-
trodeformation. The former is a lab-on-chip technology offering a simple, non-invasive,
label-free method for counting, identifying and monitoring cellular biophysical and me-
chanical function at the single-cell level. The latter is a useful complement to the former,
enabling cell deformation under the influence of an applied electric field.

1. Introduction

Robert Hooke discovered the law of elasticity which bears his name in
1660. He first described this discovery in the anagram “ceiiinosssttuv”,
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whose solution he published in 1678 as “Ut tensio, sic vis”, stating the lin-
ear variation of tension with extension in an elastic spring. Hooke pub-

lished his bookMicrographia in 1665, where he coined the term “cell” for
describing biological organisms, as suggested by the resemblance of cork

cells to cells of a honeycomb. Despite being studied by the same eminent

scientist in the seventeenth century, the field of elasticity (more generally,

mechanics) and the study of biological cells remained separated for cen-

turies.

The mechanical properties of cells have recently been shown to be

useful markers of cell state. In particular, there is growing evidence that

cell deformabilitymay provide a label-free biomarker for determining e.g.

metastatic potential, degree of differentiation, or cell activation [13].

The study of cell mechanics is a modernmultidisciplinary field that

bridges cell biology with mechanics, focusing on the mechanical prop-

erties of living cells and how they relate to cell function. Since a typical

cell body is about 10 µm in diameter, to capture a complete picture of

mechanical interactions and physical properties of cells, the size or res-

olution of the tools utilized in cellular biophysical studies has to be in

that order of size or smaller [36]. With recent advances in microtechnol-

ogy and microfabrication methods, the field of biological micro-electro-

mechanical-systems has been opened [36]. These devices are helping to

elucidate the mechanical properties of cells, the nature of cellular forces,

and responses that cells have to external forces. Information gained from

these studies is utilized in computational models that address cell me-

chanics as a collection of biomechanical and biochemical processes. These

models are advantageous in explaining experimental observations by pro-

viding a framework of underlying cellular mechanisms. They also enable

predictive, in silico studies, which would otherwise be difficult or impos-

sible to perform with current experimental approaches [36].

Several techniques are currently available to study cell mechanics.

As an example, methods based on atomic force microscopy [11] usually

exert local forces on a cell. Therefore, they suffer from low throughput

anddirect contactwith the cell surfacemay cause active cellular responses.

Single-cell-based techniques such as micropipette aspiration [40] have

modest throughput, but they also cannot avoid cell-tool interactions ei-

ther. Optical techniques such as optical tweezers [26]minimize active cell

responses when deforming cells. The laser induced forces can be precisely

controlled by output power.

Microfluidic techniques provide versatility in cell mechanics under
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precisely controlled fluid flow [36]. In thiswork two specific examples are

discussed: microfluidic impedance cytometry and erythrocyte electrode-

formation.The former is a lab-on-chip technologyoffering a simple, non-

invasive, label-free method for counting, identifying andmonitoring cel-

lular biophysical and mechanical function at the single-cell level. The lat-

ter is a useful complement to the former, enabling cell deformation under

the influence of an applied electric field.

2. Microfluidic impedance cytometry

Microfluidic impedance cytometry is a non-invasive technique for the

electrical characterization of single particles and cells [10,35]. Compared

with traditional approaches like flow cytometry, its main advantages are

the label-free nature, requiring minimal sample processing, and the po-

tential for low-cost and portable implementation. The basic principle is

as follows: i) anACelectric field is established in amicrochannel equipped

with microelectrodes and filled with a conductive fluid; ii) the field per-

turbation induced by the passage of a flowing particle is measured as an

electric differential current signal.

The measured signal is processed to extract valuable information

for particle characterization. As an example, information on size, mem-

brane capacitance, and cytoplasm conductivity of biological cells can be

obtained depending on the frequency of the AC electric field (e.g., [22]).

2.1 Operating principle
The conventional operation mode of the standard impedance chip com-

prising two pairs of facing electrodes is depicted in Fig. 1 (a)−(b): an AC
voltage is applied to the top stimulating electrodes, and the differential

current flowing through the bottom measuring electrodes is collected.

The passage of a particle is detected as two opposite pulses with the same

amplitude [32,5], respectively recorded when the particle is between the

left or right pair of electrodes (Fig. 1 (c), simulation results [6,9]). Pulse

amplitudeprimarily depends on the change in the transversal current (i.e.,

current flowing through a measuring electrode originating from the op-

posite stimulating one) upon the passage of a particle. Pulse amplitude at

low frequency is therefore a measure of particle volume [22,35]. How-

ever, the electric field within the sensing region is non-uniform due to

fringing effects [34]. Hence, pulse amplitude also depends on particle
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Fig. 1. (a)–(c) Conventional operation mode. (a) 3D view and (b) side view
cartoon. An AC voltage is applied to the top stimulating electrodes and the
di�erential current flowing through the bottom measuring electrodes is col-
lected. Typical current lines are shown. (c) Di�erential signals (real part, sim-
ulation results) produced by an insulating particle passing through the sens-
ing region along three di�erent trajectories: close to the bottom of the channel
(curve 1), through the middle of the channel (curve 2) and close to the top
of the channel (curve 3). Each curve consists of a pair of opposite Gaussian
pulses with the same amplitude. (d)–(f) Proposed operation mode. (d) 3D
view and (e) side view cartoon. An AC voltage is applied to diagonally op-
posite stimulating electrodes and the di�erential current flowing through the
remaining measuring electrodes is collected. (f) Di�erential signals relevant
to the three di�erent trajectories considered in panel (c) (real part, simulation
results). Each curve consists of a pair of opposite Gaussian pulses with di�erent
amplitude. Pulse amplitude di�erence depends on particle trajectory height.

trajectory height, i.e. y-coordinate of particle center (Fig. 1 (c)). A fur-

ther contribution to pulse amplitude comes from the cross current be-

tween the left and right pair of electrodes (i.e., current flowing through
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Fig. 2. Asymmetric bipolar Gaussian template used to fit the experimental
traces collected using the proposed wiring scheme.

a measuring electrode originating from the diagonally opposite stimulat-

ing one). As a consequence of the cross current, pulse amplitude is higher

when the particle flows closer to the measuring electrodes than to the

stimulating ones (the system is asymmetric top to bottom) [32]. This

results in a positional dependence of the measured signals, i.e. identical

particles flowing along different trajectories in the microchannel provide

different signals [32,18], thus produceing blurring of estimated particle

properties.

Since the equations governing the electric conduction in the cy-

tometer are elliptic, an analogy can be established with the deformation

of an elastic body. Electrodes are analogous to restrained portions of the

boundary, and applied voltage is analogous to applied displacement. Ac-

cordingly, themeasured signal is analogous to the influence line of the dif-

ference in the constraint forces, generated by a ‘‘mobile’’ inclusion trav-

eling through the body. On the basis of this analogy, signal positional

dependence is certainly expected.

A new operationmode [7] is depicted in Fig. 1 (d)−(e): an AC volt-

age is applied to diagonally opposite stimulating electrodes and the dif-

ferential current flowing through the remaining measuring electrodes is

collected.This simplemodification is suggestedby the followingheuristic

observation. A particle flowing in the lower half of the channel (Fig. 1 (e),
trajectory 1) is located closer to the bottom measuring electrode than

to the top stimulating one when detected by the left pair of electrodes.

Then, it is located farther to the topmeasuring electrode than to the bot-

tom stimulating one when detected by the right pair of electrodes. Ac-

cordingly, the left pulse of the recorded signal is expected to have higher
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amplitude than the right pulse, as confirmed by numerical simulations

(Fig. 1 (f), curve 1). The opposite behaviour is expected for particles flow-
ing in the upper half of the channel (Fig. 1 (f), curve 3), whereas particles
traveling through the middle of the channel yield pulses with equal am-

plitude (Fig. 1 (f), curve 2). This suggests that pulse amplitude difference

is related to particle trajectory height, thus lending itself as ametric useful

to treat the positional dependence issue (cf. also the simulation results re-

ported in [8]). On the other hand, pulse amplitude average is a measure

of particle volume (at low frequency), and its cube root is proportional to

particle diameter. The relative difference of pulse amplitudes (i.e., pulse

amplitude difference divided by pulse amplitude average) is here chosen,

in order to obtain a metric independent of particle size.

An asymmetric bipolar Gaussian template (Fig. 2) can be conve-

niently fitted to signal traces (Fig. 1(f)) in order to extract the left- and

right-pulse amplitudes. The template is obtained as the difference of two

shifted Gaussian pulses with different amplitude and width, as follows:

(1) s(t) = g1(t− tc + δ/2)− g2(t− tc − δ/2) ,

with:

(2) g1(t) = a1e
−t2/(2σ2

1
) , g2(t) = a2e

−t2/(2σ2

2
) .

It depends on the following parameters: central time moment, tc; transit
time, δ; pulse width controls, σ1 and σ2; pulse amplitude controls, a1 and

a2.

According to the previous discussion, an estimateD of the particle

diameter d is supplied by the cube root of the mean value of the pulse

amplitude controls, (a1 + a2)/2:

(3) D = G[(a1 + a2)/2]
1/3 ,

where G is a gain factor to account for the electronic circuitry. The esti-

mate D is referred to as ‘‘electrical’’ diameter. In addition, the pulse am-

plitude relative difference,∆ is introduced:

(4) ∆ =
a2 − a1

(a1 + a2)/2
.

This new metric enables a simple compensation procedure of the sig-

nal impedance for off-centre particles, thus solving the positional depen-

dence issue.
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2.2 Experimental
As typical facing electrode chip (Fig. 1), a commercial microfluidic chip

for electrical impedance spectroscopy of single cells was used (EIS chip,

Micronit).The chiphas a straight through channel 28µmdeep and30µm

wide. There are two sets of double electrodes (Pt). Electrode dimension

along channel axis is 20 µm, with planar separation of 20 µm and 28 µm
depth separation as based on channel depth.

The proposed method is validated by means of polystyrene beads

(Sigma-Aldrich and Polysciences). Beads with diameters of 5.2, 6, and

7µmwere suspended inPBS (Phosphate-BufferedSaline)with0.1%Twe-

en 20 to avoid bead aggregation, and sufficient sucrose to match the den-

sity of the beads. Sample concentration and conductivity were approxi-

mately 1000 beads/µl and 1.1 S/m, respectively.

A syringe pump (Harvard Apparatus) operating at 10 µl/min was

used for fluidic control. Electrical measurements were performed using

an impedance spectroscope (HF2IS, Zurich Instruments), along with a

transimpedance amplifier (HF2TA, Zurich Instruments) for signal con-

ditioning. A signal of 4 V at 0.5 MHz was applied to the stimulat-

ing electrodes and the differential current flowing through the virtual-

ground measuring electrodes was demodulated and recorded (readout

rate 115 k sample per second, 20 kHz filter bandwidth).

2.3 Results
Fig. 3 shows a density plot for 6 µm diameter beads, with the pulse am-

plitude relative difference ∆ (equation (4)) plotted against the electri-

cal diameter D (equation (3)), as measured using the proposed wiring

scheme. Examples of experimental single particle signals are shown in

panels (i)−(vii), along with arrows indicating the position of the particle
on the density plot. The difference in the amplitudes of the two opposite

pulses predicted in simulation (Fig.1 (f)) is experimentally confirmed. In

addition to the experimental signals, their fitting templates are also shown

in panels (i)−(vii), showing excellent accuracy.
Fig. 4 (a) to (c) shows a density plot of the pulse amplitude rela-

tive difference∆ vs the electrical diameterD for three different bead sizes

(measured separately using the proposedwiring scheme, and collected to-

gether inFig. 4 (d)). In each case the sameparabolic trend is observed.This

data can be fitted to a quadratic function:

(5) D = a[1 + b(∆− c)2] ,
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Fig. 3. Proposed wiring scheme. Density plot for 6 µm diameter beads, with
the pulse amplitude relative di�erence∆ plotted against the electrical diam-
eter D. (i)−(vii) are experimental single particle signals (blue line) for the
data points in the density plot. Fitting templates are also shown (red line).

where a is particle nominal diameter, and the constants b and c account for

the variation in signal with particle height as determined from the metric

∆. These fitting parameters are listed in Table 1, and the corresponding

parabolas are shown in red in Fig. 4. The constant, c should vanish for a
channel ideally symmetric top to bottom.The fitted values are in fact very

small (possibly due to minor channel asymmetry). The constants, b and c
should be independent of particle sizes, which is clear fromTable 1 where

the differences are minor. The mean value for constants b and cwas then

used to calculate the parabolas shown in Fig. 4 (d) for the three different
particle sizes, showing an excellent fit with the data.

Fig. 5 (b) and (c) shows histograms of the electrical diameter D ob-
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Fig. 4. Proposed wiring scheme. Density plot for populations of beads of dif-
ferent sizes, with the pulse amplitude relative di�erence∆ plotted against the
electrical diameterD. (a) 5.2 µm diameter beads, (b) 6 µm diameter beads,
(c) 7 µmdiameter beads and (d) collection of the events in panels (a)−(c) plot-
ted on the same graph. The fitted parabolasD = a[1+b(∆−c)2] are shown
as red lines. For each population, parameter values a, b, and c are reported in
Table 1. In (d), the three parabolas are defined with a = 5.2, 6.0, 7.0 µm
and the same parameters b and c (average values, Table 1).

Table 1. Parameters of quadratic model equationD = a[1 + b(∆ −

c)2] used to fit data plotted in Fig. 4 (95% confidence interval within the

uncertainty in the least significant digit).

d [µm] a [µm] b c

5.2 5.19 1.06 0.028

6.0 6.02 0.94 0.032

7.0 7.00 1.04 0.035

Mean --- 1.01 0.032
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Fig. 5. (a)–(c) Conventional operation mode. (a) 3D view cartoon. Histogram
of the electric diameter D of 5.2, 6, and 7 µm diameter beads measured (b)
separately and (c) together. (d)–(i) Proposed operation mode. (d) 3D view
cartoon. (g) Density plot of the pulse amplitude relative di�erence∆ plotted
against the electrical diameterD for a mixture of 5.2, 6, and 7 µm diameter
beads. (e),(f) Histogram of the electric diameter D of 5.2, 6, and 7 µm di-
ameter beads measured (e) separately and (f) together. (h),(i) Histogram of
the corrected electric diameter D-corr, showing an almost perfect Gaussian
distribution.

tained using the conventional wiring scheme, relevant to individual parti-

cle populations and the mixed sample, respectively. As expected, the dis-

tribution has a significant spread and skewness, with overlap between the

three populations.

Fig. 5 (e) and (f) shows the analogous histograms obtained using the

proposedwiring scheme. The spread and skewness aremitigated, because

the cross contribution to the differential current was removed by averag-

ing the pulse amplitudes according to equation (3). However, they are
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still present. Equation (5) was used to correct the raw data as follows:

(6) D-corr =
D

1 + b(∆− c)2
,

where b and c are the mean values of the constants in Table 1. The cor-

rected data is plotted in Fig. 5 (h) and (i) showing an almost perfect Gaus-

sian distribution. Fitting a Gaussian allows the coefficients of variation

(CVs) to be calculated as follows: 2.82%, 0.98%, and 1.20%, for the 5.2,

6, and 7 µm diameter beads respectively. This can be compared with the

manufacturers’ quoted values of 2.6%, 10%, and 1.7%.

Summarizing, the widely used microfluidic impedance chips com-

prising twopairs of electrodes are promoted to a superior level of accuracy

by simply swapping two connectionwires.With the novelwiring scheme,

a left-right asymmetry is introduced in the system that is profitably ex-

ploited to compensate for positional dependence of themeasured signals.

This novel concept may open new opportunities for impedance cytome-

try in applications requiring accurate particle sizing and characterization,

such as cell deformation measurement under applied load.

3. Electrodeformation of red blood cells

In order to identify the optimal design of an assay for single-cell mechan-

ical characterization and to assist the interpretation of experimental re-

sults, an important role is played by modeling and simulation strategies.

In particular, in case of electro-deformation systems, modeling and simu-

lation can provide an accurate estimate of the mechanical forces induced

on the cell by the electric field, and the consequent deformation on the

basis of the cell mechanical behavior.

Within the cell mechanics literature, the erythrocyte or red blood

cell (RBC) is probably themost studied cell type.As discussed in [12], this

prominent role is ascribable to the simple structure of the erythrocyte,

which is essentially a biconcave liquid capsule enclosed by a membrane,

as well as to the importance of RBC deformability in pathophysiology.

In fact, erythrocyte deformability is crucial tomicrovascular function and

becomes altered e.g. in malaria, sickle cell anaemia, diabetes mellitus, and

cardiovascular disease [23].

Besides other techniques (e.g.,micropipette aspiration, optical twee-

zers experiments, deformation in shear or Poiseuille flows), cell deforma-
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Fig. 6. Domain of the electric problem (schematic 2D representation): Ω1,
intracellular space;Ω2 suspending fluid;Γ, cell membrane; ∂Ωne, boundary
not covered by electrodes; ∂Ωei , i-th electrode; n normal unit vector

tion induced by electric fields is especially attractive due to its easiness of

implementation.Here a computational approach to electro-deformation

for erythrocyte mechanical characterization is presented. In particular,

a finite-element based simulation tool is developed, composed of two

coupled modules, namely, the electrical module and the mechanical one.

The former is devoted to the computation of the mechanical actions in-

duced by the electric field on the RBC (for a given geometry), whereas

the latter computes the RBC deformation under a prescribed (electric)

load. A fixed-point iteration scheme is adopted to implement the electro-

mechanical coupling.

3.1 Electrical module
ARBC suspended in a fluid is here considered. In presence of an applied

electric field, electric charges are induced on the cell membrane, and the

interaction of the field with those charges gives rise to mechanical actions

responsible for various frequency-dependent behaviours, such as orienta-

tion, translation (dielectrophoresis), rotation, and deformation.The pur-

pose of the electrical module is the computation of these mechanical ac-

tions.

The investigation of field-induced actions has long been subject of

research (see e.g. [38,37]) and different strategies have been proposed for

their evaluation. Here the Maxwell stress tensor formulation is adopted,

which is regarded in the literature as the most general and rigorous ap-

proach [39].

As pictured in Fig. 6, the electrical domain is modeled as the union
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of two homogeneous conducting regionsΩ1 andΩ2, representing the in-

tracellular space and the suspending fluid, respectively. Their complex

conductivities σ∗

1 and σ
∗

2 are given by σ
∗

k = σk + iωεkεv, k = 1, 2, where
εv is the vacuum permittivity, and σk and εk are the conductivity and rel-

ative permittivity of the media, respectively; moreover, i is the imaginary

unit, and ω denotes the circular frequency. The cell membrane, which is a

thinphospholipidbilayer, is treated as a two-dimensional interfaceΓwith
conductanceG and capacitance C per unit area, respectively given by the

electric conductivity σm and permittivity εm of the lipid bilayer, divided

by its thickness [1]. Therefore, the interface admittance per unit area is

Y = G+iωC. In the radio-frequency range Y ≈ iωC, sinceG � ωC [21],

and hence the cell membrane essentially behaves like a capacitor. The fi-

nite interface admittance causes the electric potential to jump across the

cell membrane [1]. The boundary of the domain is divided into an insu-

lating part (∂Ωne), and a part covered by electrodes (∂Ωe) which generate
the electric field.

Field-induced actions can be derived by computing the variation of

the electrostatic energy Eel resulting from a virtual variation of configura-

tion [33], i.e.,

(7) δEel =

∫

Ω1∪Ω2

−f · δs dV +

∫

Γ

−fΓ · δs dA ,

where f and fΓ denote volume and surface forces, respectively, and δs is a
virtual displacement compactly supported inΩ1∪Ω2. The variation δEel is

performed keeping constant the potential on the electrodes. Accordingly,

the following energy functional is considered

(8) Eel =

∫

Ω1∪Ω2

1

2
ε e · edV +

∫

Γ

1

2
C[[ψ]]2 dA−

∑

i

Qiψi ,

where e is the electric field, ψ is the electric potential, and Qi and ψi de-

note the charge and the electric potential on the i-th electrode, respec-

tively. Moreover, ε = εkεv in Ωk, k = 1, 2, the symbol · denotes the
scalar product, and [[·]] denotes the jump of the enclosed quantity across

the membrane. The quasi-static approximation, e = −∇ψ, is assumed,

where∇ denotes the gradient operator. By resorting to the notion of con-
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figurational derivative [25], it can be shown that

(9) δEel =

∫

Ω1∪Ω2

T : ∇̂δs dV +

∫

Γ

tΓ(divτ δs) dA .

Here ∇̂ and divτ denote the symmetric gradient and the tangential diver-

gence operators, respectively,T is the Maxwell stress tensor

(10) T = ε

[

e⊗ e−
1

2
|e|2I

]

,

where | · | denotes the modulus,⊗ is the tensor product, I is the identity

tensor, and tΓ is given by

(11) tΓ = −
1

2
C[[ψ]]2 .

The latter term, being dual to local area variations, can be regarded as a

hydrostatic membrane stress, and does not induce any deformation due

to the local area conservation hypothesis [28].

Upon integration by parts, the first term in (9) can be rewritten as

(12)

∫

Ω1∪Ω2

T : ∇̂δs dV =

∫

Ω1∪Ω2

− divT · δs dV +

∫

Γ

−[[Tn]] · δs dA ,

yielding the volume forces f and the surface forces fΓ induced by the elec-

tric field as

(13) f = divT , fΓ = [[Tn]] ,

wherediv denotes the divergence operator andn is the normal unit vector

to Γ pointing intoΩ2. It is a simple matter to show that [33]

(14) f = −
1

2
(∇ε)e · e .

As a consequence, under the assumption of constant permittivities, vol-

ume forces vanish and only the surface forces fΓ acting on the cell mem-

brane have to be considered as load in themechanicalmodule. From (13)2
and (10), their computation requires the knowledge of the electric field

distribution . Moreover, in case of time-harmonic electric field

(15) e = A cos(ωt+ ϕ) ,
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Fig. 7. (a) Schematic drawing of the RBC membrane structure (not to scale).
(b) Idealised regular triangular network. (c) Representative triangle

the time-averaged counterpart of the Maxwell stress tensor has to be

adopted [39,37], given by

(16) <T>=
1

4
ε
[

(E⊗ E + E⊗ E)− |E|2I
]

,

where the overline denotes complex conjugation and E = Aeiϕ is the

electric field phasor, which can be computed as detailed in [30].

3.2 Mechanical module
The structure of a RBC can be characterized as a liquid capsule enclosed

by a biologic membrane. This membrane is composed of a phospholipid

bilayer and an underlying spectrin network, the cytoskeleton, coupled to

each other by integral membrane proteins (Fig. 7).
From amechanical point of view, the spectrin network accounts for

the in-plane shear stiffness of themembrane.On the other hand, the lipid

bilayer resembles a fluid-like membrane, and is responsible of membrane

bending stiffness and total surface area conservation [28]. Moreover, as-

suming that the connection between spectrin network and lipid bilayer

is dense enough, the stricter constraint of local surface area conservation

can be enforced [20]. Finally, the nearly incompressible cytosol inside the
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RBC determines the total volume conservation constraint [15].

Such argumentsmotivate the definition of the following energy po-

tential, which governs the quasi-static mechanical evolution of the RBC

[15,20]:

(17) E = Win-plane +Wbend +Wvol + Eext ,

where Win-plane and Wbend denote the membrane in-plane and bending

energies, respectively,Wvol is a volume penalty energy term imposing the

total volume conservation constraint and Eext is the potential of external

loads. The local surface area conservation constraint is included in the po-

tential (17) as a contribution to the in-plane energyWin-plane.

Introducing the in-plane energy density win-plane per unit reference

area [14,2] and the bending energy density wbend per unit current area

[24], it follows that:

(18) Win-plane =

∫

A0

win-plane dA , Wbend =

∫

A

wbend dA ,

whereA0 [resp. A] is the surface area in the reference [resp. current] con-
figuration. The volume penalty energy term is defined as [15]:

(19) Wvol =
1

2
kvol

(V − V0)
2

V0
,

where V0 [resp. V ] is the total cell volume in the reference [resp. current]

configuration and kvol is a suitable penalty parameter.

The definition of the RBC membrane constitutive law consists in

the selection of in-plane and bending energy densities. In particular, start-

ing from the so-called spectrin network model [14,2], the in-plane en-

ergy density win-plane is obtained by means of homogenization of the

Helmholtz free energy of the microstructure [30]. Moreover, the bend-

ing energy density wbend is assumed to obey the Helfrich model [24].

The mechanical problem is solved using the finite element im-

plementation proposed in [30], adopting a rotation-free shell element,

whose development profitably exploits a corotational formulation[3,4].

An alternative solution, based on isogeometric analysis, can be found in

[31].

3.3 Electro-mechanical coupling
The coupling between the electrical and mechanical modules is imple-

mented by means of a fixed-point iteration scheme (Fig. 8). For given ap-
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Electrical problem:
find electric potential
with current geometry

Compute field-induced
mechanical load f

via Maxwell stress tensor

Mechanical problem:
find deformed geometry new

under load f

Convergence?
| new� |/| | < 

START

END

Update geometry
new =

No

Yes

Fig. 8. Flow chart of electro-mechanical coupling (see text for explanation)

plied electrode potentials Ψi, the electric problem is initially solved on

the domain defined by the reference configuration of the cell membrane

Γ. The corresponding field-induced actions fΓ are then computed as the

jump of the tractions generated by the time-averagedMaxwell stress ten-

sor on the cell membrane (equations (13)2 and (10)). The latter surface

forces define the potential of the external load Eext in the mechanical

problem (17), whose solution provides an updated cell-membrane geom-

etry Γnew. If the distance between Γ and Γnew is lower than a prescribed

relative tolerance δ, the numerical procedure stops, otherwise, a new it-
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Fig. 9. Numerical simulation of the large deformation of a RBC using opti-
cal tweezers. (a) Reference configuration. (b) Deformed configuration under
maximum load (Fmax = 200 pN)

eration is performed starting from the updated cell-membrane geometry

Γnew. In particular, in the convergence check, the norm of the relative dif-

ference between the nodal coordinates of Γ and Γnew is considered, with

a relative tolerance δ = 0.001.

3.4 Numerical results

3.4.1 Large deformation of the RBC by optical tweezers

Deformation imposed by optical tweezers provides a usefulmeans for the

study of single cell mechanics under a variety of well-controlled stress-

states [29]. While early studies involved primarily small elastic deforma-

tion at low applied forces, the possibility of inducing large elastic de-

formation in human RBCs using optical tweezers was demonstrated in

[12,29]. In those papers, forces as high as about 193 ± 20 pN were es-

timated to result in strains of the order of 100% in the cell. The experi-

mental procedure adopted to stretch the cell is as follows. Two silica mi-

crobeads are non-specifically attached to the RBC at diametrically oppo-

site points. One bead is anchored to the surface of a glass slide, the other
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Fig. 10. Diameters versus stretching force during the large deformation of a
RBC using optical tweezers. The present numerical results are compared with
the experimental data reported in [29] (not including the polar diameter)

Table 2. Parameters of the RBCmeridional section [19]

R (µm) C0 C1 C2

3.91 0.207161 2.002558 -1.122762

one is trapped using a laser beam. While the trapped bead remains sta-

tionary, moving the slide with the anchored bead stretches the cell.

In the in-silico experiment, the biconcave RBC geometric model

(Fig. 9 (a)) was obtained by revolution of the meridional section [19]:

(20) f(r) =
R

2

√

1−

(

r

R

)2
[

C0 + C1

(

r

R

)2

+ C2

(

r

R

)4
]

,

whose parameter values are reported in Table 2. Parameters characteriz-

ing the RBC mechanical behaviour adopted in the simulations can be

found in [30]. The load imposed by each silica bead was simulated as a

force F distributed on a circular contact area of diameter D = 1.1 µm.

Equal z-displacement was imposed at the interested nodes. Sixteen uni-
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Fig. 11. In silico electro-deformation experiment: a RBC, suspended in a con-
ducting medium, is placed between two facing electrodes, and a voltage is
applied between them. (COMSOL geometric model)

form load-steps,with internal adaptive sub-stepping,were considered, up

to a maximum force level Fmax = 200 pN. Due to symmetry, one-eight

of the cell was studied, with a mesh of 524 elements.

Fig. 9 (b) shows thedeformed configurationof theRBCundermax-

imum load. The behaviour of transverse, axial and polar diameters as

functions of the applied force is shown in Fig. 10, where the experimental

data provided in [29] are also reported for comparison. Excellent agree-

ment is found for the axial diameter, whereas a small discrepancy is no-

ticed between simulated and experimental transverse diameters, with ex-

perimental data providing lower values. As suggested in [20], this is prob-

ably a consequence of the optical measurements being performed from

only a single observation angle, thatmay result in under-prediction of the

maximum transverse diameter in presence of rotation of the RBC during

the stretch test. However, the simulation results remainwithin the exper-

imental error bars. The behaviour of the polar diameter, not reported in

the experimental data, highlights a progressive change from the cell bicon-

cave shape to a more rounded shape. Generally, a hardening behaviour

with increasing force is noticed, mainly due to the nonlinear constitutive

properties of the spectrin network.
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Fig. 12. Electro-deformation of a RBC. (a) Deformed configuration under
maximum applied potential (Ψmax = 2.5 V@500 kHz). (b) Visualization
of field-induced mechanical actions
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Fig. 13. Diameters and half-cell resultant force versus applied potential dur-
ing the electro-deformation of a RBC

3.4.2 Electro-deformation of a RBC
A RBC, suspended in a conducting medium, was placed between two

50 µm × 50 µm facing electrodes, that are 20 µm apart from each other

(Fig. 11). A voltageΨ at 500 kHz was applied between the electrodes. As

typical in electro-deformation experiments, a poorly conductive extracel-
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lular fluidwas considered [17].Due to symmetry, one-eight of the system

was studied.

In order to obtain an efficient implementation of the electro-

mechanical coupling, the samemeshwas adopted to discretize the cell sur-

face in the electrical andmechanicalmodules. It was composed by 524 tri-

angular elements. Starting from this mesh, a mesh composed by 397,851

quadratic tetrahedral elements was generated to discretize the electric do-

main. Eight applied-potential steps were considered, with quadratic spac-

ing, up to a maximum valueΨmax = 2.5V.
The average number of fixed-point iterations in each load step,

needed to reach convergence in the electro-mechanical coupling scheme,

was 3.4.

Fig. 12 (a) shows the deformed configuration under maximum ap-

plied potential, and the mechanical actions induced by the electric field

are visualized in Fig. 12 (b). The magnitude of the resultant force on the

top and bottom half cells is shown in Fig. 13 as function of the applied

voltage Ψ. The same figure also reports the axial, transverse, and polar

diameters of the deformed RBC. Under the maximum applied voltage,

a force magnitude of 252 pN was computed, yielding a deformed RBC

configuration with diameters of 14.1 µm, 4.64 µm, and 2.44 µm, respec-

tively.

Electro-deformation has been recently employed in conjunction

withmicrofluidic systems for biomechanical measurements of RBCs and

other cell types [16,17,27]. An estimate of the applied resultant force on

half cell is usually computed and related to the experimentally-measured

deformation, whence phenomenological indicators of the cell mechani-

cal behaviour are derived. In this context, the modeling and simulation

framework here developed represents a valuable tool. In fact, it provides

an accurate estimate of the distribution of field-induced actions for cells

with arbitrary geometry and without simplifying assumptions on the

electric field distribution. This feature can be of aid in the design of op-

timal electro-deformation systems (e.g. in terms of geometry, medium

properties and frequency).

4. Conclusions

Experimental and computational mechanics provide a detailed under-

standing about essential connections among structures,mechanical prop-
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erties and functions of cells.Althoughmany efforts in cellmechanics have

already been aimed towards understanding how cells move, sense, de-

form and interact with their microenvironment, there is a pressing need

to study how the mechanical properties of cells change during a state of

disease and how these changes impact signaling processes [36]. Emerging

microscale technologies are opening new venues in studying mechanical

aspects of cells due to their cost-effectiveness, relatively easy fabrication,

andhigh throughput.The incorporation ofmechanical, electrical, optical

and information technologies has great potential for developing efficient,

versatile and comprehensive analysis tools at the single-cell level.
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