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ON THE REPRESENTATION OF MAPS BY LIE
TRANSFORMS
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SunTo. Si riconsidera il problema della rappresentazione di una mappa in una forma
adatta all'applicazione dei metodi di forma normale. Si mostra che ricorrendo ai metodi
delle serie di Lie e delle trasformate di Lie si puo costruire in modo diretto un algoritmo
di normalizzazione. Si discute brevemente I'applicazione alla mappa di Schroder—Siegel
e alla mappa standard di Chirikov, estendendole al caso di dimensione generica.

ABSTRACT. The problem of representing a class of maps in a form suited for application of
normal form methods is revisited. It is shown that using the methods of Lie series and of
Lie transform a normal form algorithm is constructed in a straightforward manner. The
examples of the Schroder-Siegel map and of the Chirikov standard map are included,
with extension to arbitrary dimension.

1. INTRODUCTION

Surface transformation as a tool for studying the flow of a system of
differential equations have been introduced by Poincaré ([20], Vol. III,
ch. XXXIII) and deeply investigated by Birkhoff [2]. The corresponding
method of Pozncaré sections has become classical, and has been widely
used also for numerical explorations. A special interesting case is that of
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a periodic flow, for which the corresponding surface transformation is
the flow at time T of the period. A natural question is whether a given
map may be represented by the flow at time T of a differential system.
Positive answers to this question exist for symplectic maps that are per-
turbations of integrable ones (see, e.g., [17, 18,22, 13] and the references
therein).

In the present paper I will reconsider the problem of giving a suit-
able representation of a class of maps with a method that is somehow
connected to, but does not coincide with, the interpolation by a periodic
flow. I will rather use the formalism of Lie transforms, which allows us
to extend to maps the techniques (e.g., calculation of normal forms) that
are available for differential equations.

The basic tools exploited here are not new: a short historical ac-
count is given at the beginning of Section 2. However, most practical
applications of Lie series and Lie transform methods are related to dif-
ferential equations. Typical subjects are numerical integration and coor-
dinate transformations in perturbation theory. In the latter framework,
in particular, these methods have proven to be very effective also in in-
vestigating the convergence or the asymptotic properties of perturbation
series involving small divisors (see, e.g., [7, 8, 9] and references therein)
and in devising effective methods for perturbation expansions via alge-
braic manipulation on computers (see, e.g., [10] and references therein).

It is a well known fact, however, that transporting the analytical
methods of normal form theory from differential equations to maps is
not straightforward. A common remark is that the case of differential
equations is easier to deal with, which justifies the attempts to interpolate
a map with the Poincaré section of a flow.

A natural question is whether one can write a map in such a form
that transporting the normal form methods that work fine for flows be-
comes straightforward. Answering this question in general is a major
task, of course. However, if one considers a class of maps which are
perturbation of integrable ones, then the question can be positively an-
swered.

One may consider as a basic example the Schroder-Siegel prob-
lem of iteration of analytic functions, extending it to many dimensions.
However, the method developed here applies also to other cases, e.g.,
perturbations of integrable symplectic maps as considered in the papers
quoted at the beginning of this section. As interesting models one may
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consider: the quadratic map investigated by Hénon [14] and its gener-
alization in higher dimension; the twist map of an invariant annulus in-
vestigated by Poincaré [21], Birkhoff [1] and Moser [19]; the well know
standard map.

In all these cases the map may be represented as a composition of
two maps: an integrable one (e.g., a linear one) and a near the identity
perturbation. This is a trivial well known fact, of course. However, rep-
resenting the integrable map as a Lie series and the perturbation as a Lie
transform allows one to implement the normal form theory as a straight-
forward extension of the methods used for differential equations, pro-
vided a suitable formula for the composition of Lie transforms is avail-
able. This is what I'm going to illustrate.

The paper is organized as follows. In Section 2 a short account of
the methods based on Lie series and Lie transforms is given, including
the representation of a near the identity map and a composition formula.
In Section 3 the main proposition on the representation of a perturba-
tion of an integrable map is proven. In Section 4 it is shown how to
construct a normal form algorithm for the map. The actual construc-
tion is worked out for two typical examples. A technical appendix fol-
lows.

The theory is developed at a formal level. Some hints on quantita-
tive applications to particular models are included at the end of Section 4.

2. BASIC TOOLS

The concept of Lie serie goes back to Sophus Lie. The use of Lie series in
various problems has been widely investigated by Grobner in a series of
papers after 1957 [11]. An accurate exposition with particular empha-
sis on applications to numerical integration can be found in Grobner's
book [12]. The starting point, already found in Newton's work, is to
express the solution of an holomorphic system of differential equations
as a series expansion in time. The basic idea is to use the representation
via power series as a one parameter near the identity map written in an
explicit and useful form.

Lie transform may be considered as a generalization of Lie series,
in a sense that will be clarified later. Its usefulness as a tool in pertur-
bation theory has been emphasized by Hori [16] and Deprit [3], who
however paid attention in particular to Hamiltonian systems. The un-
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derlying idea of Deprit's work is to generate a one parameter family of
near the identity coordinate transformations using the flow of a #on au-
tonomous system. It is quite common in the milieu of Celestial Mechanics
to call Lze Transform the algorithms proposed by Hori and Deprit, thus
reserving the name Lize series to the algorithm based on the flow of an
autonomous system; thus I follow the tradition.

Actually, several explicit algorithms for Lie transform have been
proposed by many authors. A list of references may be found in
Henrard's paper [15]. A similar algorithm for Hamiltonian systems has
been introduced on a purely algebraic basis in [5]. In this paper I will
follow the latter exposition, reformulating it for vector fields. A rigor-
ous treatment may be found in [6], which has been prompted by the
need of extending the contents of Grobner's book to a more general
context.

I recall here the definitions and the properties of Lie series and Lie
transform working at a formal level, including what is needed in order
to develop Lie methods for maps. I will omit most of the proofs, that
can be found elsewhere. Furthermore, I will forget about the origin of
Lie series as solutions of a system of differential equations, thus paying
particular attention to the algebraic aspect.

2.1 Lie derivatives

Let D C C" be an open domain endowed with coordinates z = (x1, .. .,
xy), and let X (z) = (X1,...,X,) be a complex holomorphic vector
field on D. Let ¢! denote the time~t flow generated by X.

The Lie derivative of a holomorphic function f(x) at the point x
under the flow ¢ is the new function

d
Lxf =5 (650
where (qzthf) (x) = (f o ¢g()(x)
Similarly, the Lie derivative of a holomorphic vector field v is the
new vector field

d
Lxv = 5((;%(1))‘

t=0
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where (¢ v) (z) = (doly) - (vo ¢l )(z). It is well known that one has
Lxv={X,v},

where { X, v} is the commutator between the vector fields X and v.

The Lie derivative is a linear operator mapping the space of holo-
morphic functions (respectively holomorphic vector fields) into itself. It
is also immediate to check that the property

Lox4py = aLx + BLy

holds true, where X, Y are vector fields and «, /3 are complex numbers.
Further useful properties are the following. For two functions f, g the
Leibniz rule applies, namely

Lx(fg) = fLxg+gLxf,

s

L% (fg) =) (j) (L% f) (L5 g), s>1.

3=0
For two vector fields v, w one has
Lx{v,w} = {LXv,w} + {U,wa} .

Finally, denoting by [Lx, Ly| = LxLy — Ly Lx the commutator be-
tween the Lie derivatives with respect to the vector fieds X, Y one has

[Lx,Ly] = Lixyy -

The latter two properties are just different writings of Jacobi's identity for
the commutator between vector fields, namely { X, {v, w}}+{v, {w, X} }+
{w,{X,v}} = 0. In particular, if the vector fields X, Y do commute,
namely if {X,Y} = 0 then we have [Lx, Ly] = 0.

It will also be useful to write the explicit expression of the Lie
derivatives in coordinates. For a function f one has

- 0
Lxf= E Xjach
Jj=1
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For a vector field one gets the expression of the commutator, namely
- v, 0X;
Lyv) =S (2% _ 20
( X”)J ;( l@xl vléh;;) )

where the Lh.s. is the j—th component of the vector field Lxwv.

2.2 Lie series and Lie transform

Let again D C C" be an open domain, and let X = (X3,...,X,,) be a
holomorphic vector field. The Lie series operator is defined as

1
exp(Lx) =) — Lk
s>0

A family of near the identity transformations depending on a parameter
¢ may be constructed as
y =exp(eLx)x (1)
or, in explicit form for the coordinates,
2

5
yj =exp(elx)z; = a:j+8Xj(x)+5LXXj(:c)+. o, J=1...,n.

The Lie transform is introduced as follows. Let X = { X7, Xo,...}
be a sequence of holomorphic vector fields, that I will call the gererating
sequence; here the lower index labels the element of the sequence, not
the component of the field in coordinates, that will be denoted, e.g., by
X1 j. The Lie transform operator is defined as

Tx =Y EY,

s>0

where the sequence EZX of linear operators in recursively defined as

S .
X X J X
Ey =1, EI = E gLXjES—j'
j=1



EQUAZIONI DIFFERENZIALI E SISTEMI DINAMICI 257

The superscript in EX is introduced in order to specify which sequence
of vector fields is intended. However, I will remove it when unnec-
essary. By letting the sequence to have only one vector field different
from zero, e.g., X = {0,...,0, Xk, 0,...} it is easily seen that one gets
TX = eXP(LXk)-

Writing £° X in place of X a one parameter family of near the
identity transformations may be defined as

y="Txz, 2)

i.e., in coordinates,

3

1 )
Y; = $j+8X17j(x)+52 iLxle,j(x) + X27j(l‘) +..., 7= 1, ey

Here I used the € expansion in order to make clear the connection with
classical methods based on power expansion in a small parameter. How-
ever, in many cases it is convenient to just consider the vector field X to
be “small of order s'"' in some appropriate sense (e.g., using a norm) the
order being implicit in the label of the field. Adding the powers of ¢ the
reader will easily check that every term in the definition of the operator
EX carries a factor €°, so that EZX is of order s. An equivalent procedure
is to find the order of EZ as the sum of the indices of L X; Ef_ i which
is s indeed. In the rest of the paper I will remove the parameter, unless
it has a particular meaning. If the reader gets confused, he or she may
just rewrite a formula by adding the powers of ¢, check that everything
is put in the correct order, and then set £ = 1.

The Lie series and Lie transform are linear operators acting on the
space of holomorphic functions and of holomorphic vector fields on the
domain D. They preserve products between functions and commutators
between vector fields, i.e., if f, g are functions and v, w are vector fields
then one has

Tx(fg)=Txf Txg, Tx{v,w}={Txv,Txw}.

Here, replacing Tx with exp (L) gives the corresponding property for
Lie series. Moreover both operators are invertible. The inverse of
exp (L X) is exp (—L X) , which is a natural fact if one recalls the origin of
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Lie series as a solution of an autonomous system of differential equations.
The inverse of T'x takes the form

() =36

s>0

S .

X _ X _ Z] X

G —1, GS —_— ;GS*]'LX]' .
Jj=1

I come now to a remarkable property which justifies the usefulness
of Lie methods in perturbation theory. I will adopt the name exchange
theorem introduced by Grobner. Let f be a function and v be a vector
tield. Consider the near the identity transformation (2) (or (1) for Lie

series) and denote by ) the differential of the transformation (2) (or (1)),
9y;

namely, in coordinates, the jacobian matrix with elements J;j, = e

Then one has

FO) e = () @), 00| = (Txv) (@) 6)

y=Txx

This result should be interpreted as follows. On the Lh.s. of the equalities
there is the transformed function (resp. vector field) calculated via the
usual method of substitution of variables. The r.h.s. is the transformed
function (resp. vector field) via the Lie transform, where the variables
are renamed as x. The claim is that both operations give the same re-
sult. The remarkable fact is that if one uses expansions order by order,
then the r.h.s. gives it in a straightforward way for the transformed func-
tion (resp. vector field) in terms of Lie derivatives, thus requiring only
operations that are easily performed, e.g., via algebraic manipulation on
computers. Obtaining the same result via substitution of variables is a
definitely longer process, unless one stops the expansion at very low or-
der. This claim may appear a little obscure, but it will turn out to be
immediately evident if one writes the expansions as power series in a pa-
rameter.

The proof of the identities (3) may be worked out using the alge-
braic properties of T'x. For, a holomorphic function (or vector field)
may be expanded in power series of the variables, and by exploiting the
linearity and the preservation of product the operator T’x can be moved
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from the variables (the substitution) to the whole function. This justifies
the name “exchange theorem'’, since the symbol of the Lie transform
operator is exchanged with the symbol of the function.

2.3 Representation of a near the identity transformation

Let now a near the identity transformation be given in the form

yj = xj+epri(a) +edpa @)+, j=1...m, (@)

where @1 j(x), p2,(x), ... are holomorphic functions.

Proposition 2.1. Any transformation of the form (4) may be written as a
Lie transform of the coordinates y = T'xx with the generating sequence

r—1
k )
Xij=¢15 Xrj=ri=) LxErpzi, j=1...m, 1>2.

k=1

In view of this proposition it may appear that Lie transform is more gen-
eral and more attractive than Lie series, since the latter can not represent
any near the identity transformation. However, a similar result may be
obtained if one makes use of the comzposition of Lie series.

Letagain { X7, X3,...} beasequence of holomorphic vector fields.

Consider the sequence of transformations {S(O), S (1), 5(2), ...} recur-
sively defined as
SY =1, SY =exp(Lx,) oSy . 5)
We may well consider in formal sense the limit
Sx =...oexp(Lx,)o...0exp(Lx,) oexp(Lx,) (6)

as an operator obtained by composition of Lie series. A noticeable fact,
pointed out by Fasso [4], is that one has

SX:Z:ESX: (7)

s>0
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where : EX : denotes a reordering of EX in the following sense: a com-
position of r Lie derivatives L Xy, ©Lx,, ©...0Lx, is reordered as

1LXk10LX o...oLlp : = anl(k)oLXUQ(k>o...oLXoT(k)

ko
where o (k) = {o1(k),...,0.(k)}isany permutationof k = {k1,..., k}
such that 0‘1(](:) > O‘Q(k) > ... > O‘r(k). E.g., : LXlLXQ = LXQLX1.

Proposition 2.2. Any transformation of the form (4) may be represented
via a composition of Lie series of the form y = Sxx with a generating
sequence { X1, Xo, ...} that can be explicitely determined with a recursive
procedure.

As the reader will notice, an explicit expression for the vector fields is
missing in the statement. Such an expression may be produced exploit-
ing (7), but it turns out to be quite useless, because it has a non recursive
form. However, a recursive procedure for determining X, Xo, ... may

be easily constructed by trying the first steps. Setting X1 ; = ¢1,; one
has

1
y.] - exp(LXl)x] = ()02,‘] - iLXle’.] + te

where the dots denote terms at least of third order. Setting X5, =
025 — %Lxl X1,j one gets that y; — exp (LXQ) oexp (Lxl):vj starts with
terms at least of third order, which are used in order to determine X3,
and so on. Such a procedure is easily implemented, e.g., via computer
algebra, and it is in fact also the scheme of proof of the proposition. I
add just a remark concerning the actual use of propositions 2.1 and 2.2.
Apparently, it seems unreasonable to do extra work in order to calculate
the generating sequence of the transformation. However, if one wants to
transform either a function or a vector field, pushing the calculation at
high orders, then using the exchange theorem turns out to be definitely
more effective than performing a substitution.

2.4 Composition formula

I begin with a formula for the commutation between two Lie transforms.
Let X, Y be generating sequences. Then one has

Txoly =TwoTx, (8)
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with the generating sequence W = {TxYy, TxYo,...}. Here, the Lie
trasform T'x may be replaced by exp(Lx) in case X is a vector field,
and similarly for Y.

Generally speaking the formula above does not seem very interest-
ing because the vector field W turns out to be itself a series. However, it
is useful in some case, typically when one is able to put W in a manage-
able form by explicitly calculating the sum of the series. It will be used
later, in Section 3.2.

It is more interesting to observe that since y = T'x o Ty x is a near
the identity transformation then in view of proposition 2.1 there exists a
generating sequence Z such that y = Tzx. The following proposition
gives an explicit expression for Z.

Proposition 2.3. Let X, Y be generating sequences. Then one has Tx o
Ty = Ty where Z is the generating sequence recursively defined as

s—1 .
Zi=Xi+Yi, Zo=X,+Ye+ Y LEXY;. 9)
j=1

The proof requires a long sequence of tedious calculations that can hardly
be found in previous papers. Thus I include it in appendix A. Compo-
sition formulz for any combination of Lie series and Lie transforms are
easily obtained by suitably elaborating formula (9). E.g., if X, Y are
vector fields then one has exp (L X) o exp (Ly) = Tw, where W =
{Wy, Wy, ...} is the generating sequence

1
Wi=X+Y, WSZELﬁle.

The latter formula reminds the well known Baker—Campbell-Hausdorff
composition of exponentials. The difference is that the result is ex-
pressed as a Lie transform instead of an exponential.

3. REPRESENTATION OF A MAP BY A COMPOSITION OF LIE TRANSFORMS

I shall consider two cases. The first one is a map in a neighbourhood of
an equilibrium, which may be expanded in Taylor series as

2 =A+v(z) +ve(2)+..., zeC” (10)
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where A is a n x n complex matrix and v;(z) is a homogeneous polyno-
mial af degree s + 1. The second example is a real analytic map

¢ =p+w)+efilp, )+ falp, )+ ...

, 5 (11)
I'=T+¢egi(p, 1) +eg2(p, 1) + ...

where (¢, I) € T" x G, with G C R™ open, and ¢ is a small perturbation
parameter.

3.1 The unperturbed map

By unperturbed map I mean here (as usual) either the linear part of (10)
or the map (11) with e = 0, which is a Kronecker map on a family of
invariant tori parameterized by the actions 1.

Let me start with the linear part 2’ = Az of the map (10). Let
A = e with a complex n x n matrix A. For the vector field Az one has
Laz=Az,..., L3,z = A’z and so also exp(LAz)z => 0 éAsz =
e z. Using the exchange theorem we may transform a function f(z’) and
a vector field v(z’) as

exp(Laz) f(2) = f(2) o = f(Az),
z'=e"z (12)
exp(Laz)v(z) = e v(2') = A to(Az) .
z'=exp(Laz)z
The simplest case occurs when A = diag(Aq,...,\,) is a diagonal ma-

trix.

I point out that here the exchange theorem is used only in order to
represent a transformation of a function and of a vector field as the action
of a Lie series operator. Of course, in this case everybody would perform
the transformations via a direct substitution as in the last member of the
formulz above, since this is actually the sum of the Lie series in closed
form and requires no further expansion.

I come now to considering the map (11), that for e = 0 writes

o =p+w), I'=1I
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Introducing the (n + m)-dimensional vector field Q = (w(I),0) one
immediately gets

Lao(p,I) = (w(I),0), L (w(I),0) =(0,0) fors>1.
Thus, the map may be rewritten as (¢/,1') = exp(Lg)(p,I). Using

again the exchange theorem as above we may transform a function f (¢, I)
or a (n + m)—dimensional vector field v(p, I) as

exp(La) f(e,I) = f(&,T) = fe+w(),I),

(¢’ I")=exp(La)(p,I)

-1 Y
exp(LQ)’U((p, I) =J U(SO 7-[) (@' I)=exp(Lq)(p,I)

:J_lv(go—l—w(l),l), )
13

where J and its inverse J~! are the jacobian block matrices

J:<'n B) J_1:<In —B> B:{Owj}
0 In 0 lm, o6 J1<j<n 1<i<m

Is denoting the s x s identity matrix.

3.2 The full map

The maps (10) or (11) considered in the last section are just interesting
examples. In more general terms one can consider an unperturbed map
2’ = fo(x) which has some nice properties and can be represented as

a Lie transform 2/ = exp(Lx) with an appropriately defined vector
field X. In view of the particular role of the latter map I will denote
R= €exXp (L X)-

Then one considers a perturbed map
¢ =Rx+ fi(z) + folz) + ... (14)

where fq(z) is of order s in some reasonable sense. E.g., fs(z) should
be replaced by vs(z) in (10), and by € fs(p, I) in (11), with the obvious
change of the symbols for the coordinates.
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Proposition 3.1. Consider the map (14) where R is a Lie series operator.
Then there exist generating sequences V(z) = {Vi(z),Va(x),...} and
W (z) = {Wi(z), Wa(x),...} of vector fields with W = RV such that
one has both

2 =RoTyx and ' =TwoRzx (15)

Proof.  Using the linearity of the Lie series operator R rewrite the map
(15) as

' =R(@z+R ' (fitfot+..).

This is a representation of the map as the composition of two operations,
namely

plr)=z+ R (fit fot...), o =Rgx).

In view of proposition 2.1 one may determine the generating sequence
V(z) = {Vi(z),Va(z),...} such that ¢(z) = Ty z. Applying R to both
members and using linearity one readily gets 2’ = R o Ty z, namely
the first of (15). Using the identity (8) of proposition 2.3, which clearly
applies also to the Lie series operator R, one gets R o Ty, = Ty o R with
W as in the statement, which gives the second of (15). |

3.3 Conjugating maps

I come now to the following question. Let two maps
¥ =TwoRx, y =Tz0Ry (16)

be given, where R is an invertible Lie series operator and W = {Wh,
Wo, ...}, Z = {Zy,Zs,...} are generating sequences. To find whether
the maps are conjugated by a holomorphic near the identity transformation

Y=+ 1) +ea(@) + oo (17)

Using the same operator R in both maps means only that the unperturbed
maps are trivially conjugated. In view of propositions 2.1 and 2.2 it is
natural to consider the transformation (17) as generated by either a Lie
transform or a Lie series.
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Proposition 3.2. Let X = {X1, Xa,...} be a generating sequence of the
near the identity transformation y = Txx. Then the maps (16) are conju-
gated if

TWoTRX:TXoTz. (18)

More explicitly, the following relations must be satisfied:
DX, = Z —W,, D=R—1

s—1 .
DX, =Zs— Wi+ %(Egijzj —EYRX;), s>1. (19)

j=1

Proof. In the Lh.s. of the map 3y = T o Ry set ¥/ = Tx2' and then
substitute ' = Ty oR z. This must be the same as substitutingy = T'xx
in the r.h.s. of the map. Thus the identity

Txa' =Ty,0Ry
/=Ty oRzx y=Txx
must be true, and by the exchange theorem this gives Ty o Ro T'x =
Tx oTzoR. Inview of (8) one has RoTx = Trx oR, so that (18) is readily
found in view of the invertibility of R. Apply now proposition 2.3 to both
members of the latter equality. By the first of (9) we get W7 + RX; =
X1 + Z1, namely the first of (19). For s > 1 we get

s—1 . s—1 .
W +RX, + 3 %ESYKjRXj =X+ Zs+ Y %Ef_jzj ,
P j=1

from which the second of (19) readily follows. |

A similar result for Lie series holds true if in (18) one replaces
the Lie transform T'x with the infinite composition of Lie series Sx as
given by (6). However, (19) must be restated in a more elaborated man-
ner, proceeding step by step. Let me say that the maps (18) are con-
jugated up to order r in case there exists a finite generating sequence
X = {X1,...,X,} such that the transformation y = Sz makes the
difference between the maps to be of order higher than 7, i.e.,

Oy —TyoR — 1
SX v z'=TwoRx ZonYy y:S(T> O(T+ )7

x T
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where S(") is defined by (5). The maps are trivially conjugated up to
order r if the generating sequences W, Z coincide up to order 7, i.e.,
Wy = Z,...,W, = Z,. For this implies Tywz — Tzz = O(r + 1).
Proposition 3.3. Let the generating sequences of the maps (16) coincide up
to orderr — 1 and let X, be a vector field of order r generating the near the
identity transformation y = exp(Lx, ). Then the maps are conjugated
up to order r if

Tw o exp(Lrx,) = exp(Lx,) o T . (20)
More explicitly, the following relations must be satisfied:

DX,=Z,-W,, D=R-1;
. L(s=1)/7]
Zs— W, = EEKTRXT - >
j=1

S—Jr
J LJXTZs_jT fors>r.

s- 7!
1)

The proof of (20) is a straightforward adaptation of that of proposi-
tion 3.2 using a generating sequence X with all elements zero except
X, . For, in this case one has T'x = exp (LXT), so that EX = 0if s is
not a multiple of 7. Removing from (19) all vanishing term, with some
patience one obtains the second of (21).

4. NORMAL FORM ALGORITHM

A standard and useful tool in perturbation theory is the construction of a
normal form for either a map or a system of differential equations. This
is a classical and widely investigated problem, so I will limit the discus-
sion to indicating how the known methods may be revisited within the
scheme of representation of maps presented in this paper. Construct-
ing a normalization algorithm for maps is indeed an easy matter in view
of the results of Section 3.3. Actually, two different algorithms may be
devised, the first one based on Lie transform, the second one based on
composition of Lie series.

4.1 A general formulation

Let me start with the Lie transform. The key point is that formula (18)
must be considered as an equation for the generating sequence X, which
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must be so determined that the transformed sequence Z has some nice
property that characterizes it as being in normal form. Look now at equa-
tions (19), which are just a rewriting of (18) order by order. The reader
will immediately see that for every s > 1 one has to solve recursively an
equation of the form

DX+ Z, = Uy (22)

where U, is known, since it is determined by X7, ..., X571 and W7, ...,
Ws_1, which are known. Thus, the problem is only that the prescrip-
tion that Z has a normal form should be imposed so that eq. (22) may
be solved for X and Z,. This is the standard problem in normal form
theory for both maps and differential equations. If the process can be
worked out, at least formally, then the generating sequence X produces
a coordinate transformation y = T'xx, with inverse z = T;ly, such that
the map in the new coordinates writes ' = Tz o Ry.

The algorithm based on composition of Lie series appears to be
more elaborated, since it requires using proposition 3.3 as an iteration
step. Precisely, one constructs an infinite sequence {W(")},>¢ of gen-
erating sequences, with W () = W, and a generating sequence X =
{X1, Xo,...} such that for every > 0 the generating sequences W ("~1)
and W) coincide up to order r — 1, and Z; = T/Vl(r)7 o Ly = Wrm
are in normal form and do not change with the next iteration. Proposi-
tion 3.3 shows how to determine X, and W,\") = Z, by solving the first

of 21) with W™V in place of W,.. Then the whole generating sequence
W) is constructed as given by the second of (21), putting W1 in
place of W and W) in place of Z. The normal form is thus determined
step by step.

At first sight, the reader may think that this is a too complicated
process. However, by implementing the algorithm using algebraic ma-
nipulation he or she will realize that there is no substantial increase of
complexity with respect to the algorithm based on a single Lie trans-
form, and that in some cases the composition of Lie series may even be
more effective.

4.2 Back to examples

Let me illustrate how a normal form may be constructed for the exam-
ples (10) and (11). Actually, this means that I should explain how to
characterize the normal form and how to solve eq. (22).
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Assume that the matrix A in (10) has a diagonal form, namely A =
diag(A1,...,\,), and write A\; = e# i, This is a n—dimensional
version of the problem of iteration of analytic maps investigated by
Schroder [23], who gave the formal solution for the case n = 1. Clearly
one has

R= exp(LQw) , Q=diag(ps +iwr, ..., pn +iwy) ,

and applying the method of proposition 3.1 the generating sequence W
may be determined so that Wy is a homogeneous polynomial of degree
s+1. Following Schroder one tries to conjugate the map to its linear part.
This means that the normal form of the map should be ¢’ = A(, which in
the Lie transform representation means that one wants Z = {0,0,...},
the null sequence. Thus, according to (22), the generating sequence is
determined by solving for X the equation

DX, =V,, D=-exp(Lg,)—1, (23)
where Uy(x1,...,x,) is a homogeneous polynomial of degree s + 1.
The relevant property is that D is diagonal on the basis of monomials
aFe; = af' ... xkne;, where (er, ... ,e,) is the canonical basis of C".

For, in view of the second of (12) one has
kaej = (e<k’“+i‘”>_”j_i‘”ﬂ' — 1) :):kej .

Determining the vector field X is an easy matter if none of the eigenval-
ues of D is zero. For, writing the homogeneous polynomial vector field

as
\I/S:Zej Z zpj,kxk

J=1  |k|=s+1

the solution of (23) is readily found to be

n
w'k k
Xs = E e-E L zv .
L etk ptiw)—p;—iw; _ 1
j=1 k

Thus the map may be formally linearized if the nonresonance condition

elbntiw)=p=iw; £ 1 fork € Z ||k| >1landj=1,...,n
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is fulfilled. In the case n = 1 considered by Schroder a resonance may
occur only if A is a root of the unity.

If the resonance condition is violated then a different definition of
normal form must be introduced. Precisely, the space P* of homoge-
neous polynomials of any degree s splits into two complementary sub-

spaces
N®=D"Y0}, R*=D(P¥),

namely the kernel of D and the image of P* through D. For, D maps P*
onto itself, so that both A'* and R? are subspaces of P*, and D is diago-
nal. Then the operator D may be uniquely inverted on R®. Thus eq. (22)
may be solved by splitting ¥, = ¥ 4+ ¥R with obvious meaning of the
superscripts, and setting

Zo=0N X,=D'WR  X,eR®.

The latter condition makes the solution unique. The procedure thus
described is a standard one in normal form theory. Different solutions
may be considered, of course, depending on what one is looking for.

The convergence of the tranformation to normal form in the non
resonant case has been proved by Siegel [24] for the case n = 1 under
the additional hypothesis that A satisfies a diophantine condition. The
work of Siegel represents a milestone for the problem of convergence of
perturbation series with small divisors.

Let me now come to the model (11). In view of the particular
form of the map it is convenient to represent the vector fields separat-

ing, so to say, the ¢ component from the I component by writing (if()

in place of X, where X (o, 1) and Y (¢, I) are a n—dimensional and a
m~dimensional vector function, respectively. The explicit form of the
commutator is written as

() ()
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Recall also that in this case with the notation above one has

D=exp(Lg) -1, Q= (“g)) :
In the r.h.s. of (22) we may expand W(¢p, I) in Fourier series as

> ap(D)elte)

kezm

> Be(D)elth#

kezm

v, =

with known coefficients a (1) and Sk (). Use a similar expansion for

Z Ck([)eiﬂaw

kezm

> di(I)e't

kezm

In view of (13) the action of the operator D is given by

DX,
Z (ei<k,w(1)> —1)er(I Z ! BB, (1)l k)
_ | kezn kezn
Z (ei(kvw(m — 1)dk(1)€i<k7e@>
kezn

Thus, one would be tempted to solve eq. (22) by setting

2 = (3)

Z [ an(I) ek (DB (1) itk

- + —
ikw(I)) _ Wkw(I)) _ 1)2
v _ | s e 1 (e ) —1)
s =

3 Brll) itk
) 1

kezn\{0}
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However, some denominator could vanish at some point I € G, the
action's domain, or at least become very small. This is indeed the classical
problem of small divisors in Celestial Mechanics, which was well known,
e.g., to Lagrange and Laplace.

Assume for a moment that no divisor actually vanishes. This is
true, e.g., if w € R™ is a constant vector and the non resonance condition
ekw) oL 1 for k € Z™ \ {0} is satisfied. Then the generating sequence
Z(I) is independent of the angle variables ¢. Thus one has

Lz,np = Zs(I), Ly p=0forr>1,
and the map in normal form is written as
QO/:SO‘FW/(I), I,:I+gl(1)

where w(I) and ¢/ (I) are determined via the normalization process. The
dynamics of the actions [ is separated from that of the angles ¢.

All this is formal, of course. Making a rigorous statement, as is
known, is a definitely more complicated matter. If the angles w(I) of the
unperturbed map do depend on the actions I then the formal construc-
tion above is expected to fail due to the presence of zero divisors, and an
analog of Poincaré's theorem on non existence of holomorphic first inte-
grals for Hamiltonian systems of differential equations applies. However
one can prove, possibly with some extra condition on w(I), that KAM
theory applies, thus showing the existence of a big set on invariant tori
carrying a Kronecker map with strongly non resonant angles. On the
other hand, it should also be possible to prove a theorem of Nekhoro-
shev's type on exponential stability. If the angles w are constant, then
some normal form may be constructed, possibly taking into account the
resonances, but the series so constructed are expected to be divergent,
unless one looks for a Kolmogorov's normal form on an invariant torus.
However, all this matter goes behind the limits of the present note, which
deals only with formal aspects.
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Appendix A: Proof of proposition 2.3

Let me state a preliminary identity. If X is a generating sequence and V'
a vector field then one has

S
EXLy = ZLEJXVEf_j : (26)
§=0

The proof is worked out by induction, since the equality is trivial for
s = 0 and moreover for s = 1 it is just Jacobi's identity for commutators.
Here is the complete calculation for s > 1. The notation is made simpler
by writing E; in place of E-X, since there is no confusion.

S
m
ESLV = Z ;LXmEsmeV

m=1

s—m
Z LXmZLEVEs m—j
7=0

S—

3

|
Mm

w |3

Liy E;v+ Lg; VLXm)Es—m—j

3
ﬂ‘
L1

(
(

%\3

Ly, Ee_j_mVE; + LEjVLXmEs—j—m>

w
Lu
N
i
o
w»
|
o,

s—7 m

I
™

[V

LT
3
Il

- (LLmesfjfmij + LEjVLXmEs—J—m)
1

s—J
]

(LES,jij + Lp,vEsj)

o,
w |l
o

®» .

s—1 . s
§—1]
LEjVEs—j + E . TLEjVEs—j = § . LpyvEs_j.
= =

—

S,

Jacobi's identity for commutators written as Lx Ly, — Ly Lx = L, 18
used in order to obtain the third equality.



EQUAZIONI DIFFERENZIALI E SISTEMI DINAMICI 273

Coming to the proof of (9) of proposition 2.3, by definition of Lie
transform one has

Tx o Ty = <ZEZX> <ZE,§) => i EX EY .
>0 E>0 >0 m=0

On the other hand for the generating sequence Z defined as in (9) one

has

s s -1
l l m
z z z
El =Y SExmEs + > 5 2o Tlex v Ee (27)
=1 =2

m=1

Thus it is enough to check that
S
Ef=> Ex EY,, s>0. (28)
m=0

I proceed by induction. For s = 0, 1 the equality is true. For s > 1
calculate

s
> Em Bl
m=0

s—1
sSs—m
- M (EX B+ B B,
m=0
s—1 s—m
s—m l
= Z Z (LXlEstmflE}:@ +En)§ LYZEE;Cmfl)
m=0 ° = 7™M

m
=3 S (BB ) e EE )

m=0 [=1 k=0
s s—lI I
X Y X Y
= Z g (LXzEs—m—lEm + LYlEm Es—m—l)
=1 m=0
s—1 s—=l m I
+ Z ELEi(YlEm—kEg/—m—l
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The identity (26) is used in order to obtain the third line. The first double
sum in the latter expression is further elaborated as

s—1
Z <LXZZES l—m m+LYlZE Es - m>

=1 m=0
l — |
Z SLxiy Z EnEY =) SExinE
=1 m=0 =1

The latter expression coincides with the first sum in the r.h.s. of (27).
The triple sum is further elaborated as

slsll s—l—k sls—ll
Z
ZZSLEXYz Z EyB y wn=, ) LBl
=1 k=1 =1 k=1
I sl
Z _ Z
= Z Lpx Bl =) > Lpx vEl,
=1 m=I+1 m=2 [=1

Here the induction hypothesis is used in the first step. The last expres-
sion coincides with the second double sum in the r.h.s. of (27). Thus, the
right member of (28) equals the last member of (27), and this concludes
the proof.



EQUAZIONI DIFFERENZIALI E SISTEMI DINAMICI 275

[1]

(2]

(3]

(4]

[5]

(6]

[7]

(8]

[9]

[10]

REFERENCES

G.D. Birkhoff: Proof of Poincar's Geometric Theorem:, Transactions
of the American Mathematical Society 14, 14-22 (1913).

G.D. Birkhoff: Surface transformations and their dynamical appli-
cations, Acta Mathematica 43, 1-119 (1920).

A. Deprit: Canonical transformations depending on a small param-
eter, Cel. Mech. 1, 12-30 (1969).

F. Fasso: On a relation among Lie series, Cel. Mech. 46, 113-118
(1989).

A. Giorgilli, L. Galgani: Formal integrals for an autonomous Hamzil-
tonian system near an equilibrium point, Cel. Mech. 17 (1978), 267—
280.

A. Giorgilli, L. Galgani: Rigorous estimates for the series expansions
of Hamiltonian perturbation theory, Cel. Mech. 37, 95-112 (1985).

A. Giorgilli, U. Locatelli: Kolmogorov theorem and classical pertur-
bation theory, ZAMP 48, 220-261 (1997).

A. Giorgilli, U. Locatelli: A classical self~contained proof of Kol-
mogorov's theorem on invariant tori, in Proceedings of the NATO
ASI school “Hamiltonian systems with three or more degrees of
freedom", C. Simé ed., NATO ASI series C Math. Phys. Sci., Vol.
533, Kluwer Academic Publishers, Dordrecht—-Boston—-London,
72-89 (1999).

A. Giorgilli, S. Marmi: Improved estimates for the convergence ra-
dius in the Poincaré=Siegel problem, Discrete and Continuous Dy-
namical Systems series S 3, 601-621 (2010).

A. Giorgilli, M. Sansottera: Methods of algebraic manipulation
in perturbation theory, in Chaos, Diffusion and Non-integrability
in Hamiltonian Systems - Applications to Astronomy, Proceedings
of the 3rd La Plata International School on Astronomy and Geo-
physics, PM. Cincotta, C.M. Giordano and C. Efthymiopoulos
eds., Universidad Nacional de La Plata and Asociacion Argentina
de Astronomia Publishers, La Plata, Argentina (2012).



276

ANTONIO GIORGILLI

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

W. Grobner:  Nuov: contributi alla teoria dei sistemi di equaziont
differenziali nel campo analitico, Atti Accad. Naz. Lincei. Rend. CL
Sci. Fis. Mat. Nat. 23 375-379 (1957).

W. Grobner:  Die Lie—Reihen und Ihre Anwendungen, VEB
Deutscher Verlag der Wissenschaften, Mathematische Monogra-
phien, 3 (1960). Italian translation: Serze di Lie e loro applicaziont,
Ed. Cremonese, Roma, 1973

A. Haro: The primitive function of an exact symplectomorphism,
Nonlinearity 13, 1483-1500 (2000).

M. Hénon: Numerical Study of Quadratic Area-Preserving Map-
pings, Quart. Appl. Math. 27, 291-312 (1969).

J. Henrard, J. Roels: Equivalence for Lie transforms, Cel. Mech.
10, 497-512 (1974).

G. Hori: Theory of general perturbations with unspecified canonical
variables, Publ. Astron. Soc. Japan, 18, 287-296 (1966).

S. Kuksin: Oz the Inclusion of an Analytic Symplectomorphism
Close to an Integrable One into a Hamiltonian Flow, Russian Jour-
nal of Mathematical Physics 1, 191-207 (1993).

S. Kuksin, J. Poschel:  On the inclusion of analytic symplectic
maps in analytic Hamiltonian flows and its applications, in: S.
Kuksin, V. Lazutkin, ] Poschel (Eds.), Seminar on dynamical sys-
tems, Birkhauser, Basel, 96-116 (1994)

J.K. Moser: On invariant curves of area—preserving mappings of an
annulus, Nachr. Akad. Wiss. Gott., IT Math. Phys. KI. 1962, 1-20

(1962).

Poincaré, H.:  Les méthodes nouvelles de la mécanique céleste,
Gauthier—Villars, Paris (1892).

H. Poincaré: Sur un théoréme de géométrie, Rendiconti del Circolo
Matematico di Palermo 33, 375407 (1912).

A.V. Pronin, D.V. Treschev: Oz the inclusion of analytic maps into
analytic flows, Regular and Chaotic Dynamics 2, 14-24 (1997).



EQUAZIONI DIFFERENZIALI E SISTEMI DINAMICI 277

[23] E. Schroder: Uber iterierte Functionen, Math. Ann. 3, 296-322
(1871).

[24] Siegel, C.L.: Iterations of analytic functions, Annals of Math. 43,
607-612 (1942).





