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SunTo. - In queste note offro una panoramica di diversi risultati della teoria dei sistemi
quantistici a molti corpi, al confine tra la meccanica statistica quantistica matematica e la teo-
ria della materia condensata. In particolare, discuto alcuni risultati recenti sull’universalita dei
coeflicienti di trasporto di sistemi di elettroni interagenti, e, nello specifico, sull’indipendenza
della conduttivitda Hall dall'interazione elettrone-elettrone. In questo contesto, lo scambio
di idee tra matematica e fisica teorica si ¢ dimostrato estremamente fruttuoso e ha aiutato a
chiarire il ruolo giocato dalle leggi di conservazione quantistiche (identita di Ward) e dalle pro-
prieta di decadimento delle correlazioni corrente-corrente sull'indipendenza della conduttivita
dall’interazione tra elettroni.
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ABSTRACT. — In this paper, I give an overview of some selected results in quantum many
body theory, lying at the interface between mathematical quantum statistical mechanics and
condensed matter theory. In particular, I discuss some recent results on the universality of
transport coefficients in lattice models of interacting electrons, with specific focus on the in-
dependence of the quantum Hall conductivity from the electron-electron interaction. In this
context, the exchange of ideas between mathematical and theoretical physics proved particu-
larly fruitful, and helped in clarifying the role played by quantum conservation laws (Ward
Identities), together with the decay properties of the Euclidean current-current correlation
functions, on the interaction-independence of the conductivity.
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1. INTRODUCTION

The attempt to understand the macroscopic properties of quantum matter
starting from first principles is a central challenge in theoretical physics, which
dates back to the early days of quantum mechanics. There are several exotic
phenomena that are still far from being fully understood, some of which are
well known since more than a century: think, for example, to superconduc-
tivity and superfluidity, which have first been observed in 1911 [48] and 1937
[3, 39], respectively. Other important quantum phenomena have been dis-
covered or observed only much more recently: think, e.g., to the integer and
fractional quantum Hall effect (observed in 1980 [40] and 1982 [53], respec-
tively), to high-T;. superconductivity (discovered in 1986 [13]), or to Bose-
Einstein condensation (observed in a gas of cold atoms in 1995 [5, 16, 24]).

In several cases, approximate or heuristic theories are available for un-
derstanding the microscopic mechanism behind these exotic phenomena: I
refer here, ¢.g., to the BCS theory of standard superconductivity [10, 11], to
the Bogoliubov theory of Bose-Einstein condensation [15], or to the theory
of the integer quantum Hall effect [41, 51, 34, 52]. Other phenomena remain
less understood, such as high-T superconductivity [4] or the fractional quan-
tum Hall effect [42], whose microscopic origin is still debated, and are among
the central challenges of the current research in condensed matter theory.

Even in the cases that are better understood, mathematical proofs of
the quantum phase transitions of interest are typically missing, which indi-
cates an incomplete understanding of the subject: for instance, in standard
superconductivity, there is no systematic way of controlling the corrections
beyond mean field, which is the basic approximation that BCS theory is based
on. In the context of Bose-Einstein condensates, a full proof of condensation
for a homogenous gas in the thermodynamic limit is missing, which is a sig-
nal of our poor understanding of the phenomenon of continuous symmetry
breaking in quantum many-body systems. In the context of the quantum
Hall effect, a proof of the stability of the Hall plateaux in the presence of dis-
order and electron-electron interactions has still to come, which is a signal of
our poor understanding of the interplay between disorder and many-body
interactions.

Notwithstanding these limitations, the last years witnessed very impor-
tant developments in the rigorous understanding of these elusive phenom-
ena, at the interface between mathematical and theoretical physics. By com-
bining the ideas developed in the last decades in the condensed matter com-
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munity, including the use of Ward Identities in formal perturbation theory,
the use of effective field theories, and the proposal of geometrical indices char-
acterizing the ‘quantum topological phases’, with sophisticated mathemat-
ical tools, such as functional inequalities, localization bounds, constructive
field theory and multiscale analysis, we acquired a better understanding of
several remarkable phenomena, including, e.g., Bose-Einstein condensation
[44], quantum magnetism [23], and the universality of quantum transport
coeflicients [26, 28, 29, 36], just to mention a few.

In this paper I will review some of the latest developments in the uni-
versality theory of quantum transport coefficients, which allowed to clarify
certain debated issues connected with the optical conductivity in graphene
[28]. The key new technical tool that emerged from the combination of theo-
retical and mathematical physics ideas, is the implementation of Ward Identi-
ties within the constructive scheme (‘multiscale fermionic cluster expansion’)
that is currently able to control the analyticity and decay of correlation func-
tions for the ground state of several two-dimensional interacting electron sys-
tems. Note that a formal use of Ward Identities in the effective field theory
description of quantum phenomena can easily lead to inconsistent results,
particularly as far as the computation of transport coefficients is concerned,
cf., e.g., with [37].

In order to make the ideas behind these recent applications as trans-
parent as possible, I will restrict my attention to the study of the universal-
ity properties of the Kubo conductivity, and, in particular, of its transverse
component (Hall conducitivity) in weakly interacting lattice fermions char-
acterized by a gapped (‘massive’) reference non-interacting Hamiltonian. For
these systems, the construction of the ground state correlation functions and
the proof of their analyticity properties is particularly simple and, strictly
speaking, does not require a multiscale expansion at all. The extension of the
proof to the gapless case, in particular in the case of graphene-like systems,
requires the use of a multiscale analysis (constructive fermionic renormaliza-
tion group), which goes beyond the purpose of this review.

he argument presented here is based on [29], which I will refer to for
some technical aspects of the proof. However, compared to [29], the proof
presented here has some important simplifications in the proof of analyticity
and exponential decay of correlations, as well as in the use of the Schwinger-
Dyson equation.

The plan is to first introduce the context, the model and the main re-
sults. Next, I will present the proof, first giving an overview of the structure
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of the proof, and then explaining in some details the different steps.

2. THE QUANTUM HALL EFFECT

Before presenting the main results, let me clarify the context under considera-
tion: the quantum Hall effect is a peculiar electronic transport phenomenon,
which is observed in thin conducting, or semi-conducting, materials. By ‘thin’,
here, I mean that the material samples under consideration are two-dimen-
sional, or quasi-two-dimensional. The quantum phenomenon of interest has
a classical counterpart, which is important to keep in mind: the classical Hall
effect is observed in thin conducting materials subject both to a longitudinal
electric field & (along the direction of the current) and to a transverse mag-
netic field B, as shown in the picture.

A~

| +++++++++++++

Fig. 1 — A sketch of the setting for the Hall effect: a steady longitudinal current I flows in a
thin conducting material, of thicknesst and widthw, in the presence of a transverse magnetic
field B. In the picture, the charge q is negative, and the deflection due to the Lorenz force is
schematically represented.

Let ¢ be the film thickness, and w the sample width. As the electrons
move in the direction of the current, due to the presence of a transverse mag-
netic field, they are subject to the Lorentz force F;, = qu A B (here ¢ is the
electron charge and v its velocity), which tends to deflect them towards the
edges of the sample. In this way, electrons start to accumulate at the edges,
and the accumulation goes on until the transverse electric field produced by
these electrons is strong enough to compensate the Lorentz force exactly. The
equilibrium transverse voltage that is generated in this way is known as the
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Hall voltage [33] and is equal to:
VH = vBw.

By rewriting the electron velocity as v = I/(n3qtw), where I is the inten-
sity of the current, and n®? the (three-dimensional) charge carriers density,
one gets

_IB
- n3dqt )

Note that V}; is inversely proportional to the film thickness, which explains
why the Hall effect is easier to observe in thin samples than in thick ones. For
two-dimensional samples, we get the analogous formula: Vy = IB/(ng),
where n = n?? is the two-dimensional charge carriers density. Letting I =
Jw, where j is the sheet current density, and defining the Hall field as Fy =
Vi /w, one finds that the Hall conducitivity has the following expressions:

Vi

g T4
"B, B

Often, this formula for o is equivalently rewritten in ‘natural units’ as
) H q Y

2
q
og = — U,

h
where h is Planck’s constant, and, if &y = h/q is the flux quantum, v =
n®q/ B is called the “filling factor’. Written in these terms, the Hall law is a
linear relation between the transverse conductivity and the filling factor, with
an explicit proportionality coefficient, equal to the ‘conductivity quantum’
q*/h.

Experimentally [40] it turns out that at low temperatures and/or large
magnetic fields, when the filling factor is of the order of a few units, the sys-
tem displays a quantization effect: o displays ‘plateaus’ on which o is con-
stant at a remarkable precision (~ 107). This quantization effect is well
understood, at a mathematically rigorous level, in the case of non-interacting
electron models, including, possibly, disorder, ze., a random potential [2, 9,
14, 52].

The key observation behind the mathematical theory of the integer quan-
tum Hall effect is the interpretation of the transverse Kubo conductivity as a
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geometric index (first Chern number of the Bloch bundle). Unfortunately,
the representation breaks down in the presence of electron-electron interac-
tions.

In this review I will give an introduction to the theory of the interacting
quantum Hall effect, for a class of two-dimensional lattice electron models
with weak interactions and no disorder. For more general models, in partic-
ular for larger values of the interaction strength, new quantization effects are
expected to take place (fractional quantum Hall effect [50]).

3. THE MODELS

The models that I will consider are defined as follows. Consider a finite por-
tion A of a two-dimensional Bravais lattice generated by two independent
vectors {1, {5 € R?. T will assume for definiteness that periodic conditions
are imposed at the boundary, and that the system is periodic of period L in
both directions £; and /s, so that |A| = L?. At each site z of the lattice I
associate a finite number of fermionic creation/annihilation operators, @D;t o
with ‘color’ o taking values in a finite index set /. In typical examples, o can
represent a spin index, and/or the position index within the unit cell associ-
ated with z.

The ‘configuration space’ consists of vectors in a fermionic Fock space,
labelled by the occupation numbers n = {1, }zea oer Of the fermions,
with n, , = 0, 1. The canonical anti-commutation rules for the creation/

annihilation operators are {1 .} = {¢,, ¢, } = 0,and

{w;:aa w;g’} = 596,1/50,0"

The vector in Fock space representing the state with occupation number 7 is
obtained by acting on the fermionic vacuum [0) wich [, , (¢, )", where
the product of the different, mutually anti-commuting, operators, must be
performed in some prescribed order, fixed once and for all.

The grand-canonical Hamiltonian of the system will be assumed to have
the following form:

H = Hy+ UV — N, (1)

where

HO = Z Z w;,aHg,a’<x - y)w;U”

z,yeEN oo’ el
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o . o + —
V= E : E : N0 Voo (T = Y)Ny o, with Neo = Vi oWaos

zyeN o,o’€l
N = E § Nz.o,

€N o€l

and

In these formulas, Hy is the hopping Hamiltonian’, and H?_,(z — y) are the
‘ho(g)ping strengths’, assumed to be of finite range and such that HY ,(z) =
[H}),,(—x)]*. The operator V" has the interpretation of a density-density in-
teraction, with the coefficients v,/ () that are assumed to be real, symmet-
ric (Z.e., Vpo' () = Vgrs(—2)), and of finite range. Finally, j is the chemical
potential, to be fixed in a spectral gap of the unperturbed Hamiltonian, as
discussed in the following.

The spectral properties of H are most conveniently described in terms

of the ‘Bloch Hamiltonian’ H°(k), which is the Fourier transform of the
|I| x |I| hopping matrix H%(z):

ﬁO(k) _ Z e_ikIHO(ZL‘),
zEA
where k is an element of the discretized Brillouin zone,
._ 2. N2 .
By = {keR k= TG+ G i€ [o,L)mZ},

and G'1, G5 form a basis of the dual lattice A*, z.e., G; - {; = 2m6;;. Twill also
denote B = B..

If, as assumed, H 0(:13) has finite range, then the (thermodynamic limit
of the) Bloch Hamiltonian is a Hermitian matrix, depending analytically on
the momentum k over the Brillouin zone B, with periodic conditions at the

boundary of B. The Bloch Hamiltonian, a(ﬁ[o(k)) = {e,(k)}yer hasa
real spectrum, and the functions €, (k) are known as the ‘energy bands’.
I assume the chemical potential to be in a spectral gap:

. . 2x0)
o, = érelg dist (., o(H°(k))) > 0. (2)
An important fact is that, if ,, > 0, then the projector P_(k) over the filled

bands, defined as
P(ky= Y Pa(k),

a:eqa(k)<p
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with P, (k) the projector over the a-th band, is analyticin k.

Observables O correspond to self-adjoint operators on the fermionic Fock
space, and their expectation value at inverse temperature 3 is

Tre PO

o = "y opm

I denote by (-) the thermodynamic and zero temperature limit of () 1.:

(0) = lim lim (O)g 1.

B—00 L—00

The goal is to characterize the properties of the interacting, infinite-volume,
ground state (-), in terms of its ‘correlation functions’ (O - - - O,,), with O;
being fermionic operators depending on a finite number of fermionic fields.
I will be particularly interested in current-current correlations, in terms of
which one can compute the Kubo conductivity, to be defined in the following.
Before that, let me discuss a couple of explicit examples of hopping
Hamiltonian Hj, which are characterized by a non-trivial behavior of the
Hall conductivity, as the free parameters of the model are properly varied.

3.1  Examples

The Hofstadter model with rational flux. The non-interacting version of this
model describes tight-binding electrons, hopping between nearest neighbor
sites of a square lattice, in the presence of an external, constant, transverse

magnetic field. I'let A be a square lattice, with {1 = (1,0) and £, = (0, 1),

and
. z+L;
Hy=—t3 3 iy, vk 4%y He,
zeEAN i=1,2
where H.c. indicates the Hermitian conjugate, ¢ > 0is the hopping strength,
and A is a vector potential corresponding to a constant transverse magnetic
field. Choosing, e.g., A = (0, Bx1), the hopping Hamiltonian takes the

form:

Hy=—t) (@w;% + @zz;@zz;%eiq%) + Hec.

TEA
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I assume ¢ B to be a rational multiple of 27, z.¢e., ¢B = 2mm/n, with m,n
relative prime integers, and the system size L to be proportional to n. Note
that the hopping coefficients are invariant under translations by multiples of
(n, 1). Therefore, itis convenient to introduce a unit cell labelled by 7 colors,
o € {1,...,n}, so that Hy can be re-written, after a natural re-labeling of
the field and site indices, as

n—1 n
— + - + - + - 2
HO =—t Z [Z 1%,0 m,a+1+wm,nwx+€171+z ¢m70¢x+é27gez mme /n .
o=1

zeA o=1

The structure of the energy bands depends in a very peculiar (fractal) way on
the value of m /n: more precisely, the value of the transverse Kubo conductiv-
ity (to be defined below), if plotted against the magnetic field ¢ B = 2mm/n
and the chemical potential 4 displays a fractal structure, which gives rise to
the famous Hofstadter butterfly [38]. The band theory of this model is very
rich and interesting, see, ¢.¢., [7] for details.

The Haldane model. The non-interacting version of this model de-
scribes tight binding electrons, hopping between nearest-neighbor and next-
to-nearest-neighbor sites of an hexagonal lattice, in the presence of an exter-
nal, dipolar, transverse magnetic field, as well as of a staggered chemical po-
tential. I think the hexagonal lattice as the union of two translated copies of a
triangular lattice A, with £1 5 = (3/2, Fv/3/2). The sites of the two copies
can be represented as being white (corresponding to a ‘color label’ 0 = 1) and
black (corresponding to a ‘color label’ 0 = 2). I think A as coinciding with
the sub-lattice of white sites, and the black sites as belonging to A + (1, 0).
The creation/annihilation operators associated with the white site located at
x € A will be denoted by @Dx 1» while the same operators associated with the
black site located at z + (1, 0) will be denoted by wi

The hopping Hamiltonian of the Haldane model is defined as follows:

Hy = i3 [0 (Ura Vo0 + U5 gya) + Hoe

TzEA

3
_t2 Z Z Z (eia¢¢;1w;+a7j,l + e_ia¢¢;2¢;+a'yj,2)

zeN j=1 a==%

MY (Wi — Yitais),

TEA
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where: Y= fl — 62, Yo = 62, Y3 = _€13 t1 > Oand ity > 0 are the
nearest-neighbor and next-to-nearest-neighbor hopping strengths; ¢ is a pa-
rameter that measures the strength of the dipolar magnetic field; and M is the
amplitude of the staggered chemical potential.

The nice feature of this model, which makes it a very interesting play-
ground, is that the energy bands are very easy to calculate, and so is the Kubo
conductivity. Moreover, as we shall see, the transverse conductivity has a non-
trivial behavior, as the parameters M and ¢ are varied. In fact, the Bloch
Hamiltonian takes the form:

- —2ty0 (k) cos ¢ +m(k —t (K
HY (k) = ( t (—2)519(/?)+ o —2752061(/;) COS(¢)_ m“‘"))’

where a; (k) = 37, cosk - y;,and m(k) = M — 2tycy(k) sin ¢, with
as(k) = Z?Zl sink - ;. Moreover, Q(k) = 1 4+ e=*% 4 =2 Note
that |Q(k)| vanishes if and only if k = (2, :|:3277r§) = ki: the two points
k:f are called the Fermi points. The energy bands associated with the Bloch
Hamiltonian are:

1 (k) = ~2t01 (k) cos ¢ & /IR 2 + m2 (k).

I assume that £5/t; < 1/3: in this way, using the fact that max;, |Q(k)| =
|2(0)] = 3and that vy (k) = |Q(k)|?/2 — 3/2, one sees that the two bands
can touch only if m(k}j?) = M =+ 3v/3tysin ¢ = 0, which is the equation
for the critical lines of the Haldane model. The graph of the critical, massless,
lines in the (¢, M) plane is shown in Fig. 2

For values of (¢, M) in the complement of the two critical lines, the
two bands e (k) are separated by a gap, so that £ can be chosen in such a way
that the gap condition (2) is satisfied. Note that the complement of the criti-
cal lines (z.e., the gapped region) is naturally partitioned in four disconnected
portions, corresponding to the cases m(k}) > 0, m(kp) > 0,orm(k}) >
0> m(kp),orm(ky) <0 <m(kz),orm(ks) < 0,m(ky) < 0.

4. CURRENT AND CONDUCTIVITY

The total (d.c.) current of an electron system is defined as J = g0, with
0 = i[H, X] the velocity of the system: here X is the position operator,
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M

< m(kp) =

< m(k}) =0

Fig. 2 — The critical lines m(kE) = 0 of the Haldane model in the (¢, M) plane.

which takes the form

X = Z Z Nao(T +75)

z€EN o€l

and 1, represents the position of the site of color o, relative to the position
of the cell it belongs to. Using the definitions of ¥, H and X, one obtains:

J=—iqg Y Y Wl HY (x =y, (T —y e — 1),

zyeN o,o’€l

The Kubo conductivity is the linear response coefficient of the current to a
small external electric field £, which is assumed to be uniform in space and
adiabatically switched on in the far past. More precisely, I introduce the time-
dependent Hamiltonian H (), which is obtained from H as follows:

H(t)ZH—qe”thI,(,E-(x—I—TJ), t € (—o0,0].

TEA
oel

Here 7 > 0 is an adiabatic parameter, to be eventually sent to zero. I assume
that, at £ = —o0, the density matrix of the system is the equilibrium one,
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associated with the Hamiltonian H and the inverse temperature (3

P = = P

For any ¢t < 0, the density matrix p(t) is defined as the solution to the differ-
ential equation

which gives, at first order in F,

t
p(t) = p_oe + ig / ee DB X, ple™ " Ddr + O(E?).

—0o0

Therefore, the mean value of the current per unit area at time ¢ = 0, at first
order in £/, in the thermodynamic, zero temperature and adiabatic limits, is:

dr.

. 1 0 T zHTEX —BH],—tHT
lim lim lim “ / wr 1rJe [ e e

— e
00+ oo L=soo |03 A lo| L2 J_ Tre—AH

Correspondingly, the linear response coefficient of the -th component of the
current J; to the j-th component of the electric field F; is

o nT —’LHTH X. iHT X d
O-'LJ |£1/\£2|/ € < [ ] :|)00 T,

where (Yoo = limg_,e0 limy 00 L72(-)5 .. The matrix of elements o5
is known as the Kubo conductivity matrix. It is customary to rewrite 0;; in
a different, equivalent, form. By using the Leibniz rule for the commutator,
one finds
(e [, X067 ) oo = (17, X)) [, X))o
H([[H. 2], 2] Yoo + (7 [H, X [, X)) o

Moreover, [e "7 X;] can be rewritten as

[efiHzjj] — —’l/ 7,Ht[H X] iH(t— T)dt
0
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By using these relations in the expression of 0, and recalling the definition
of J;, one gets:

0; = —— lim — x 3)
e [ D 051

where J;(t) = €' J;e="H!, This is one of the standard expressions for the
Kubo conductivity. The second term in braces is known as the diamagnetic,
or Schwinger, term.

Note that 0 is a function of the parameters entering the Hamiltonian
H of the system, in particular of the strength U of the electron-electron in-
teraction. The main result reviewed in these notes is the following.

Theorem 1 [29]. In the context above, let 6,, > 0. There exists Uy > 0 such
that, if |U| < U, then

045 = Oij )
J I u—o

that is, if the chemical potential is chosen so that the gap condition is verified,
then the Kubo conductivity is independent of the strength of the interaction U.

Remarks.

1) Under the gap condition, the non-interacting Kubo conductivity can be
re-written as ¢° times the first Chern number of the Bloch bundle, z.e., of the
vector bundle associated with the linear space RanP_(k), with k € B:

dk
(2m)*’

ol = -ig /B Tr P_ ()[04, P_ (k). O, P_ (k)] (4)

which is known to be proportional to an integer [9, 52]. More precisely,
2

011|U:0 = UQQ‘UZO = 0, while 0-12‘U:0 = —0'21}[]:0 € g—ﬂZ The off-

diagonal Kubo coefficient o1 Do 18 the non-interacting Hall conductivity,

and the representation in terms of a Chern number shows that it is quan-

tized. Theorem 1 shows that, under the gap condition and at weak enough
coupling, the interacting Hall conductivity is also quantized, at the very same
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value as the reference non-interacting system. A sketch of the proof of the
formula (4) is given in Appendix A.

2) In order to prove that the Hall conductivity is non-trivial (ze., different
from zero), one needs to perform an explicit computation that, of course, is
model-dependent. The two examples mentioned above, .e., the Hofstadter
and the Haldane models, are among the simplest examples of gapped systems
displaying a non-trivial Hall conductivity. The computation of the value of
the Hall conductivity for the Hofstadter model as a function of the mag-
netic flux is a very non-trivial and interesting exercise: the computation is re-
duced to the study of a Diophantine equation, which can be solved numeri-
cally. The resulting ‘topological phase diagram’ (.., the plot of the value of
the Hall conductivity as the magnetic flux and the chemical potential are var-
ied) leads to the well known ‘Hofstadter butterfly’, whose construction goes
beyond the purpose of this review [7, 38, 52]. The computation of the Hall
conductivity for the Haldane model is much simpler: in fact, the evaluation
of oyo | _, based on (4) is reccommended as a very instructive exercise. The in-
terested reader can consult, e.g., [29, Appendix B]. The resulting topological
phase diagram is shown in Fig. 3. It first appeared in [32].

A o
o12=0
2 2 |
. o1 = —3= o2 = 4= i -
‘ )

Fig. 3 — The ‘topological phase diagram’ of the Haldane model, where the different values
of a1 in the four regions {m(k}) > 0,m(kz) > 0}, {m(k}) > 0 > m(kp)},
{m(kf) <0 <m(kp)}, and {m(k}) < 0,m(ky) < 0} are indicated.
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3) The range of interaction strengths for which Theorem 1 holds, |U| < Uy,
is, in general, non uniform in the spectral gap d,,. However, in specific mod-
els, it is possible to obtain estimates uniform in the gap: e.g., for the interact-
ing Haldane model, it was proved in [26, 30] that the interacting system is
gapped (z.¢., the Euclidean correlation functions decay exponentially) for a//
the values of (¢, M) outside a pair of renormalized critical lines, provided p
is chosen appropriately. The shape of the renormalized critical lines is quali-
tatively the same as that in FZg. 3 and the values of 015 inside or outside the
curves are the same as in the non-interacting setting. The proof in [26, 30]
is valid arbitrarily close to the renormalized critical lines, that is, uniformly
in the gap (which vanishes as the critical lines are approached). The general-
ization of Theorem 1 to this setting requires an infrared multiscale analysis,
reminiscent of the one developed in [27] for a model of graphene with short
range interactions.

4) The methods reviewed here can be used to show that, under the gap con-
dition, for U sufhiciently small, the interacting Hamiltonian has a spectral
gap above the unique ground state, uniformly in the volume L. For a recent
independent proof of this fact, see [35]. Knowing this fact, one can show
that the interacting Hall conductivity o2 has an interpretation in terms of
a geometrical index [8, 36], analogous to the representation in terms of the
first Chern number of the Bloch bundle that is valid for the non-interacting
one. Note, however, that such a representation involves a many-body (rather
than a one-body) projector, that is the projector 11 on the interacting, many-
body, ground state. The control parameter one needs to average over is not
the quasi-momentum £ (which is not a priori well-defined in the many-body
case), as in (4), but, rather, an angle 6 controlling the (twisted) boundary con-
ditions. The geometrical representation underlying the results in [8, 36] is
not suitable for direct analytical computations: therefore, while the results in
[8, 36] show that the Hall conductivity is quantized, they do not provide one
with a good representation formula for computing the explicit value of the
Hall conductivity in given models. On the contrary, the approach reviewed
in this notes provides a very simple explicit formula for such a value.

S. OVERVIEW OF THE PROOF

Let me now start to discuss the main strategy to be followed for proving the
main theorem. In order to compute the Kubo conductivity (3), the key point
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is to control the current-current correlations, which enter the first term in
the right side of (3). Actually, the direct control of the real-time interacting
correlations ([.J;, J;(t)]) o is very difficult. In order to go around the obsta-
cle, one can take advantage of the powerful methods (applicable both in the
massive and in the massless cases), based on ideas and techniques of construc-
tive field theory, which can be used to control and compute the Euclidean,
imaginary-time, current-current correlations. These methods will be briefly
reviewed in the following. Before discussing them, let me explain how to use
informations on the Euclidean correlations in order to infer informations on
the Kubo conductivity.

5.1 Eudidean correlations

Let OW, ... O™ be observables, each of which is assumed to be a linear
combination of normal-ordered, even, monomials in the fermionic creation/
annihilation operators. I let

O,gi) = 09 (—it) = HOWetH
be the imaginary-time evolution of the i-th observable, with 0 <t < /3, and

Tr e*BHO,El) .0

T 0(1) . O(n) _ 1 tn

< b 180 Tre—PH

where T is the (multlhnear) time- orderlng operator, acting on monomials in
the fields ¢ et fgeftH

Tw(;,m)ol o '¢E§n,zn)gn (=17 w(;ll Ty )y gt

(t‘"'n 7x7fn Orn

where 7 is the permutation of (1,...,n) such thatt;, > --- > ¢, (in
case of coinciding times, the variables at equal time will be assumed to be
normal ordered, after the action of the ordering operator T'). I also indicate

by (T’ Ot(ll oo oM 3, L the correspondmg cumulants, or truncated cor-
relations e, (T O, 02}, = (T OOP) 5, — (015,100,

etc. Moreover, at finite 5 T introduce the notion of Fourier transform with
respect to the Euclidean time:

. A .
.= [ wewo,
0
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with w € 227 the Matsubara frequency. Note that the following momen-
tum conservation rule holds:

’ g (1) (n) j ;
/ dtl ce / dtn<T Ot1 R 7Ot: >,B,L e*l&)ltl"'*’bwntn —
0 0
e 5w1+-~~+wn,0<T O(l) cee OAL(UZ)>B,L

w1 ?

A natural question arises: why are these definitions interesting and use-
ful? The main reason is that the Euclidean correlation functions appear natu-
rally in the perturbation theory for the equilibrium correlations, via the use of
Trotter’s product formula and the Duhamel expansion. In many cases, there
are powerful methods (fermionic Renormalization Group) for controlling
the interacting equilibrium correlation functions at weak enough coupling,
and to derive detailed informations about their analyticity properties.

Moreover, typically, once one knows how to control the equilibrium
correlations, one also knows how to control the interacting, Euclidean-time,
correlations, including control of their analyticity properties in the complex
time plane. Finally, if one can prove that the complex time plane is free of
singularities of the Euclidean correlation, one can a posteriori reconstruct
the (integral of the) real-time ones via a “Wick rotation’ in the complex time
plane. In order to give an idea of what I am referring to, let me consider our
main object of interest, ze., the Kubo conductivity eq.(3), and let me focus

on the first term in the right side, _72 fi)oo dt e"([J;, J;(t)])oo: this can be
thought of as the sum of two terms: (i) _7’ f?oo dt e"{J;J;(t)) oo, and (ii)

i 0 . . .
L7 dte™{(J;(t).J;)so. Now, if the two terms are free of singularities in
n J—00 J
the second and third quadrants of the complex plane, respectively, then the
two integrals can be rotated as shown in Fig. 4, provided the contributions
from the integrals over the two quarter circles at infinity give vanishing con-
tribution.

After having performed the rotation, the sum of the two terms can be

rewritten as — %K +(—n), where

~ A

1 ~
Kij(w) = lim lim — (T J;w; Jj—w)s,L- (5)

B—00 L—00 BLQ



90 ALESSANDRO GIULIANI

Y

)

Fig. 4 — The ‘complex rotations’ of the integration paths that we perform on the two contri-
butions (i) and (i1) to the Kubo conductivity.

Moreover, one can check that the diamagnetic contribution to the Kubo con-
ductivity can be rewritten as K;;(0) /7. As a result, the Kubo conductivity is

equal to the Euclidean one: 0;; = 0, with

B 1 . Kl(w) — K;;(0)
= —1 I
0'] ‘61 /\€2| w—>1I{)1* w

(6)

At this point, I am finally in the position of describing the general strategy of
the proof of the main theorem:

1) One first discusses the existence of the thermodynamic and zero temper-
ature limit of the Euclidean correlations, and proves their analyticity in U
and in w in suitable regions of the complex plane. Using the analyticity of
the Euclidean correlations in the complex ¢-plane, as well as the existence of
the real-time correlations in the 5, L. — oo limit (which follows from the
Lieb-Robinson bounds [43]), one proves that the “Wick rotation strategy’
sketched above is rigorously justified, thus showing that the Kubo conduc-
tivity is equal to its Euclidean counterpart.

2) In order to show that the interacting Euclidean Kubo conductivity equals
the non-interacting one, one combines two classes of remarkable cancella-
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tions/identities satisfied by the Euclidean correlation functions, known as
Ward Identities (more precisely, the Ward Identities associated with the con-
tinuity equation for the current) and Schwinger-Dyson equations. Note: the
idea of using these two classes of identities to prove the vanishing of the inter-
action corrections to the Euclidean conductivity is due to [22], whose strat-
egy of proof is adapted here to the case of the Hall conductivity of interacting
lattice fermions.

In the following sections, I discuss these two steps in some detail.

6. EQUILIBRIUM PERTURBATION THEORY

Let me start, for simplicity, by discussing the perturbation theory for the par-
tition function of the system at finite 3, L:

Tre P = Ty e~ AHo—uN+UV),

Since the fermionic operators are all bounded at finite L, one can rewrite this
trace by using the Duhamel’s expansion (see, e.¢., [31, Section 3.2]), thus get-
ting:

Tre P = Tre PHo—1N)

e SO0 [ bt (Vi 15

= B>ty > >t >0

= Tre AHo—1N) & v
Ly O ’ 0
1+ZT/ dtl"'/ dtn<TVt1"'th>5,L}v
L 1 : 0 0

where V; = etHo=#N)/o=t(Ho=1N) 4pd <~>%,L is the finite volume, finite
temperature, Gibbs average with respect to the Hamiltonian Hy — (V.

At finite volume, the series in U for Z(U) := Tre P is convergent
(even more: the function Z (U) is entirein U, for any finite L). The series for
the logarithm of Z(U) is a priori convergent in a very small neighborhood of
the origin. In fact,

1
ZU) 2 1= UV =2 = IV,

n>1
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which does not vanishif U € B :={U € C: |U| < ﬂ|1|c;§”2 }. Therefore,

the series of log Z(U) is convergent in any compact set &’ belonging to the
open ball B. Note that typically |V || is proportional to L?, so that the
radius of B goes to zero as L — 00. The goal of the followmg discussion
is to show that the analyticity region of log Z(U) can be extended to a ball
centered at the origin, with radius independent of L.
Before I proceed with the discussion, let me note that similar consider-
ations are valid for the series in U for the Euclidean correlations: if § > t; >

ty > 0, the Euchdean correlatlon <O Ot2 2 ) .1 is equal to the ratio between

Tre PHetH QW e~ (i—t2)H()(2) e12H gnd Z(U). The denominator is ex-
panded as descrlbed above, and the numerator admits a similar expansion:

(0051 = <O§3)O(2)>%L
B B
n 51.../ ds (T OV OPV,, -V, Var

0

n>1

Therefore, (T Ot1 Ot(z ) ) 5.1 is the ratio of two entire functions, the denomi-
nator being different from zero in the analyticity domain of log Z(U).
Now, how do we evaluate log Z(U), and how do we prove bounds on
its analyticity domain? The starting point is an explicit representatlon of the
n-th Taylor coefficient of Z(U): from (7) this coefficient is (n!) ™! times the
integraloverty - - - t,, of (T' V3, - - V4, >% 1.- Such an average can be computed
via the fermionic Wick’s rule, which is readily explained in terms of the fol-
lowing graphical representation. Associate with every

Z w(tuxz U'L tzyxz g4 0’,0’ ( yz)w( ti, yl) w(_tﬂy’b)o-;

Lq,Yi,07%, 0'

the ‘four-legged’ vertex in Fig. 5.

Draw n such vertices and pair their ‘external legs’ in all possible ways , in
such a way that the orientations of the paired lines are compatible two by two.
The graph associated with any such pairing is called a ‘Feynman diagram’, and
(T'Viy -+ Vi, > 1, can be expressed as the sum over all the possible Feynman
diagrams of thelr values, which are defined as follows. For an example of a
Feynman diagram of order n = 3, see Fig. 6.

First of all, every Feynman diagram G comes with a permutation 7 =
7(G), associated with the corresponding pairing of fermionic fields, which is
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. /
Z3,Yi,04,0;

Fig. 5 — The graphical representation of Vi, as a ‘four-legged’ vertex. The wiggly line rep-
resents the interaction Vg, o1 (@i — yi), while the oriented solid lines (the ‘external legs’) rep-

resent the operators w(ﬁ; and ’(/JE‘; o with the convention that the entering (vesp.

zi)ai

exiting) lines represent the annibilation (vesp. creation) operators 1~ (resp. ).

the one needed to move every creation operator 1/1 (' a')o" immediately to the
right of the annihilation operator w ba)o? which it is connected with. More-
over, every contracted pair (1/1(; D)o w(t, x,)g,) comes with the value

1 o
7L o —IR(T—T
gfo” (x - x/, t - t/) - <T ¢(t7$)ﬂ¢z’;/,{l‘/)a/>%7[, = E Z e k( ) X

keBr,
X {6_(H0(k)—u)(t—t/) ]1t>t’ . ]ltgt’ :| }
1+ e BUH =1 ] 4 B

which is called the ‘propagator’. Note thatits 3, L — oo limit s

dk
oo (.8) = [ e (e IO W Pok) — Eas PR oo

In the following, I will use the shorthand notation g, for the propagator asso-
ciated with the pair ¢ = (((t,z),0), ((t',2),0")). Lalso denote by G(z, ¥,
t, g, 0’) the set of Feynman diagrams obtained from the contraction of the
quartic monomials labeled by the time/space/color variables
{(ti, (i, 43), (04, O';)) }iz1,...n (here T used the symbol z to denote the n-
ple (x1,...,x,), etc.)
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2.2

T1,22,2301,02,03
/ / /
Y1,Y2,Y3 01,059,073

Fig. 6 — An example of a Feynman diagram of order n = 3. The solid lines are obtained
by the pairing, or contraction, of two of the external legs of the vertices under consideration.
Any pair of contracted legs must bave compatible orientation, i.e., an exiting external leg can
only be contracted with an entering one. Each solid line obtained by the contraction of two
legs corresponds to a propagator, with indices readable from the labels of the two contracted
legs.

Given these definitions, the value Val(G) of the Feynman diagram G €
G(z,y,t,0,0')is

Val(G) = (=1)" H Voot (Ti — Ui) Hgﬁ (8)
=1

Leg

and

TV Vidgr =), >, Valg),

LY GeG(zytoa)
so that
(_U)n B B

ZU) =1+ . dty - [ dt, > > Val(g).

nZl 0 0 ng, geG(£7g’Lg72/)

g,0

A remarkable combinatorial theorem, known as the linked cluster theorem
[1, 47], shows that the logarithm of the partition function admits a very sim-
ilar expansion, with the important difference that the Feynman diagrams con-
tributing to log Z(U) are all and only the connected diagrams in
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G(z,y,t,0,0). A similar discussion is valid for the correlation functions:
in parficular, truncated correlations are expressed as sums of values of con-
nected Feynman diagrams, with vertices corresponding both to the quartic
interactions introduced above and to extra vertices corresponding to the in-
sertion of the operators one is computing the correlations of. In conclusion,

_Ir\yn B B
1ogZ(U):Z( Z) /Odtl--~/0 dty, > Val(G),

n>1 LY GEGeonn(,y,t,0,0")
o0’

where Geonn(z,y,t, 0,0’ )is the set of connected diagrams in G(z,y,t,0,0”).

Now, how do we estimate the n-th order contribution to this series?
The basic object one needs to evaluate is the integral over the time, space
and color variables of a generic connected Feynman diagram with n quar-
tic vertices, Z.e., f > |Va1(g )|> where the integral is over the time variables,
and the sum over the space and color indices. Recalling that !Val(g )‘ =
[ [v6,00 (%i — yi) | T seg 19¢]> one can evaluate the desired integral by select-
ing a minimal connecting subset of the set of wiggly and solid lines, which
the Feynman consists of (this minimal connecting subset is by construction
atree, to be called a ‘spanning tree’). I choose the spanning tree in such a way
that it contains all the wiggly lines of the diagram, and a suitably chosen set of
n — 1 solid lines. I bound the propagators on the solid lines outside the span-
ning tree by their L, norm; once this is done, the integration over the space
and time variables of the product of the interactions and propagators on the
spanning tree produces the product of their L; norms, so that, recalling that
|1 is the cardinality of the set of allowed colors,

[ S Iva@)| < sl gl

where

L L
loll = supsup g2, )] . llgl = sup [ de 3|3k o),
and similarly for ||v||;. Recall that v is of finite range, so its L1 norm is finite.
Moreover, under the gap condition, the propagator decays exponentially in
space-time, uniformlyin /3, L: therefore, bothits L1 and L, norms are finite,
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uniformly in the temperature and volume. In conclusion, the n-th order term
in the series of # log Z(U) is bounded by
cr :
— U |"{# Feynman diagrams of order n},
n!

for a suitable constant C. Now, the number of Feynman diagrams of order n
equals (4n — 1)!!, which grows like (const.)™(n!)? as' n — 00 and, there-
fore, the bound that we just derived is not summable over 7. In other words,
the series of Feynman diagrams is not absolutely convergent.

Remarkably, it is possible to properly resum the series of connected
Feynman diagrams, by carefully taking into account the (—1)7 signs in (8),
in such a way that the resummed series is convergent. The basic observation
is that

_ + — + 0o _
T Y00 Voot Vimanton Vnmion) 8.1 =
det [gai,a; (T —yj ti — t;)]i,jzl,m,n'

By expanding the determinant, one obtains n! terms, each of which corre-
sponds to one specific pairing of the fermionic fields (i.e, to one ‘Feynman
diagram’); each of these terms is bounded by ||g||”Z, so this expression can be
bounded by || g||% n!. However, one can do much better than this: if instead
of expanding the determinant, one recalls that it is equal to the product of
its eigenvalues, one sees that its absolute value typically scales like (const. )™,
which is combinatorially better by a factor 1/n!. This observation suggests
that by grouping the sum over connected Feynman diagrams in determinant
form (which should be possible, thanks to the (—1)™ signs coming from the
fermionic statistics), then one should be able to improve the bound derived
above by a factor (const.)™ /n!. The rough idea is to group together the con-
nected Feynman diagrams sharing a common spanning tree, and then to re-
sum the result of the pairings outside the spanning tree in the form of a de-
terminant, to be bounded by (const.)™. Since the number of spanning trees

1By taking into account the connectedness condition, one could improve
the bound above, by replacing {# Feynman diagrams of order n} by
{# connected Feynman diagrams of order n}. However, one can easily convince
oneself that both quantities grow like (const.)™(n!)? for large n, so the connectedness
condition does not qualitatively change things.
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over 1 vertices is of the order (const.)"n! for large n, this procedure seems in
fact to improve the previous bound by the desired combinatorial factor.

Of course, one needs to proceed with care, in order to avoid overcount-
ing of the diagrams, when summing over the spanning trees. The key com-
binatorial formula was proposed long ago by Brydges, Battle and Federbush
[12, 19, 20], later improved in collaboration with Kennedy [21], and reads as
follows: let W (P;) be a shorthand for the quartic monomial associated with
the i-th quartic vertex, ze.,

U(P) = ¢E§i7xi)giw(_ti7xi)givai (2 yz)w( tiyi)o %D(Zi,yi)gg )
with P; the set of four labels (to be called ‘field labels’) associated with the

four creation/annihilation operators, then

(U(P);- s U(P)G

9
= Z@THW / APr(s) det[sigp spgir ), )

LeT

where the sum is over the collections 7" of n — 1 propagators (graphically,
of solid lines, each corresponding to the contraction of a pair of field labels
f1, f2 € U; P;) guaranteeing minimal connection among the n vertices (z.e.,
the union of 7T"and of the wiggly lines of the n vertices forms a spanning tree),
avp is a sign (irrelevant for the purpose of proving convergence of the series),
and dPr(s) is a probability measure, with the variables s = (Sij)i,jzl,...n
playing the role of interpolation parameters, supported on a set of s;;’s such
that s;; = (u;, u;), for afamily of vectors u; € C™ of unit norm. Finally, the
matrix [S;( ) i(/)9(s,)) has elements labelled by field labels f, f € {U; P} \
Pr, where Pr is the set of field labels corresponding to the propagators in 7'
(te,[s ( P9, ] is labelled by fields outside the spanning tree); in writ-
ing S;(£),i(s")> 1( f ) indicates the vertex which the field labelled by f belongs to;
moreover 9(1.¢) is a shorthand for g,(f) o (2(f) — 2(f'), t(f) —t(f").

In order to use effectively the ‘BBFK interpolation formula’, I must dis-
cuss how to bound the determinant. Life is easy if g(y, ;) is in Gram form,
.., if there exist vectors of finite norm in a separable Hilbert space, such that
9 = (af,by), in which case (Gram-Hadamard inequality, see, e.g:, 25,
Appendix A.3])

det[si(p).i(r9er.m) = det(uicpy @ ag, i @ by) < T eyl [1bgl-
f
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In our case the propagator is not in Gram form, but almost so (we give here
the formulasin the 8, L — 00 limit; similar, but slightly more cumbersome,
expressions are valid in the general case):

9.5 = Luepysim ATy — Lipy<im A g

where
Az = [ 9E i) [~ ®R=n D= py (k)]
r = )5 18] M ooy

Note that both A}r’ 5 and A;’ parein Gram form: in fact,

dkdw .
A = // IBIW (%2000t B0 )] Gy ) (s 0 9)
BxR

+
= ( (o) @ (f)i(f’)ﬂ(f’))’ (10)

where

xta(k w 8) eik:p+iwt

—iw + HO(k) —

(k) — p)— L) #] |

From the definitions, letting || - || be the norm induced by the inner product
in (10), one finds

el = [ i [Pa0)]

which is < 1, for both signs &=. Summarizing, the determinant in the right
side of (9) admits the following ‘time-ordered” Gram representation:

det[si(s). i 90r.0] = det [Lygpysen (uign) @ af  wigr) @ afi) )
Ly (i) @ ay, wigry @ ap)],

which is in fact enough for our purposes: as shown in [18, 49], the right
side of (11) is bounded above by (||a™|| + ||a~||)??, where d is the dimen-
sion of the matrix (in our case, d = n + 1). In conclusion, recalling that
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laz,|| < 1, one finds that the integral of the determinant in the right side

of (9) is bounded from above by 22(n+1), Recalling also that the number of
collections 7" (‘number of spanning trees’) is bounded above by (const. )" n!
one sees that this estimate is enough for our purposes, 7., to obtain uniform
convergence of the speciﬁc free energy, for U small enough. In fact, in view
of the combinatorial gain obtained above, the n-th order term in the series
for log Z(U) is bounded above by C™|U|™, for a suitable constant C' > 0,
which is summable over n for |U| < C~1.

A similar argument can be repeated to prove the convergence of the se-
ries in U for the Euclidean truncated correlation functions of local opera-
tors in the same domain of analyticity, as well as their exponential decay at
large space-time distances, uniformly in 3 and L. In particular, there exists

C, ¢ > 0 such that
(Jig; Jj)oo < Ce™ Pt V> 0. (12)

The details of the proof will not be belabored here and are left as an instructive
exercise to the reader.

6.1 Witk rotation for the Kubo conductivity

Using the analyticity and exponential decay in space-time of the Euclidean
correlations discussed above, one can prove that the Wick rotation for the
Kubo conductivity, sketched in Section 5.1, can be made rigorous. The key
steps in the proof are the following (for details, consult [29, Section 6]):

1) Let J;(2) = e Je7#H 2 € C, be the complex time evolution of
the current Note that J;; = J;(—it),t € R. At finite /3, L, the corre-
lation L™2(.J;(2); J;) .1 is entire in z. Moreover, thanks to the results on
the Euclidean correlations sketched above, these finite volume correlations
converge as 3, L — oo along the negative imaginary axis, and they are uni-
formly bounded in the whole complex lower half-plane. Therefore, by Vi-
tali’s theorem, the limit as 3, L — 00 of the complex time correlations,
(Ji(2); J;) o exists and is analytic in the whole open lower half-plane. More-
over, by Cauchy-Schwarz inequality and (12),

(Ji(2); JiYool < (Ji(Re 2); JYNP(J;(Re 2); Jj) M7 < CefnRes,
2) Fort € R, the limit
([Ji, Ji(t))oo = hm lim L~([J;, J;(t)]) 5.0

—00 L—o0
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exists, uniformly in ¢ € R. This follows from the Lieb-Robinson bounds on
the quantum evolution of lattice systems [43], and in particular from one of
its corollary, worked outin [17, 46], which implies the existence of the infinite
volume, zero temperature, real time correlations for a large class of quantum
lattice systems.

Given these two results, and using the fact that (J;) g 1, = 0, one rewrites,
forw < 0,

: S
Ralw) = i a7z )

B/2 , ,
/ (e (T =it) ypn + € (Ty(=it) )5, )t
0

Since the integrand, thought of as a function of z = —it, is analytic in the
complex lower half-plane, and since it decays exponentially in —Re 2, one can
rotate the integrals over the negative imaginary axis as shown in Fig. 7.

C

- R z

2) W

Fig. 7 — The complex rotations of the integration paths performed on the two contributions
in the right side of (13). The rotation labelled (1) (resp. (2)) refers to the first (vesp. second)
term in the right side of the equation.

After the rotation shown in the picture, one rewrites:

N 7
Kii(w) = lim lim lim — X
U( ) e—0+ B—oo L—oo 2

0
[ (et = i 1) — e — i) ) ) d
—B/2
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The two terms under the integral sign represent complex time current- cur-
rent correlations, with times having a small imaginary part: in other words,
the integration paths shadow the real axis from below. In order to ‘push’ the
paths on the real axis one uses the information that the real-time correlation
exist, thanks to the Lieb-Robinson bounds. Using this fact, together with the
a priori bounds on the complex time correlations discussed above, one finds
that the limit as € — 07 of the above integrals exist, and are equal to the
time integral of the limiting (real-time) correlation functions, as desired. For
details, see [29, Section 6].

In conclusion, as announced in Section 5.1, the first term in the right

side of the Kubo conductivity (3) equals — %IA{I :(—n). Moreover, as claimed

in the same section, the diamagnetic term equals %[A( +7(0) (for a proof of this
fact, based on the use of Ward Identities, see (26) below), thus leading to the
desired identity 0;; = 05, with 7;; as in (6).

7. WARD IDENTITIES, SCHWINGER-DYSON EQUATIONS AND CAN-
CELLATIONS IN PERTURBATION THEORY

From the theory of the Euclidean correlations discussion above, we inferred
that 0;; = 05j, that 0;; is analytic in U in a small ball centered at the ori-
gin, and that the truncated multi-point Euclidean current correlations decay
exponentially to zero at large space-time separation. I now want to combine
these ingredients in order to show that 7;; = 0 ‘ S that is, all the interac-
tion corrections to the Euclidean Kubo conductivity vanishes, which implies
Theorem 1.

As anticipated above, these remarkable cancellations can be proved via
a combination of two classes of identities, namely the Ward Identities and the
Schwinger-Dyson equations, which are briefly reviewed in the following.

7.1 Ward Identities

The Ward Identities that I want to discuss here are a consequence of the con-

tinuity equation for the lattice current. The starting point is the definition of

the imaginary-time evolution of the fermionic density: n‘("t 2 = ettt nxvaeftH .
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By deriving it with respect to ¢ one gets:
8 oo
Sl = [Honf ) —ZZ(J ) (14)

/ . . . . . .
where <J§; ) is the imaginary time evolution of the lattice current:
¢

Tog = (L Hy o (2 = )y o = Uy Ho o (y = 2)005 ).

Note that by letting o vary in I in (14), one obtains |/| independent local
conservation laws. It is convenient to consider the following linear combina-

: : . 7 o —iPT o 0y T
tion of these | /| conservation laws: let Jo (1) == ¢, , € n{, 1> Where
T, = T + 143 by deriving with respect to ¢, and using the anti-symmetry of
the lattice current under the exchange (2, o) <+ (y, 0’), one finds:

a T Zq —iDTo —3 oo’ _ T

where in the last equation I defined j(t,p) to be

j(t,p) = %Ze_ipxan(p(ya’ - JZU)) (Yor — 4) (‘]537/) ?
T,y

t

with n(z) = (1 — e *)/(ix). After Fourier transform with respect to
(w.r.t.) the imaginary time variable, and letting p := (w, p), this conserva-

tion law reads ) .

Z'w(]o,p +p- Jp = 0, (15)
where JAQp is the Fourier transform w.r.t. ¢ of jO,(t,p)3 and similarly for jp,
whose components will be denoted J; p, % = 1, 2.

Remark. The variable p is introduced here as an auxiliary variable:

the equations I will eventually be interested in are obtained by deriving w.r.t.
p the Ward Identities for the correlations of .J, with other observables, and
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then setting this momentum variable to zero. Note that Ji; ) ‘p:() = J,

which clarifies the connection with the current observable introduced above.

The desired Ward Identities are obtained by plugging the conservation
law (15) into the formula for the multi-point current correlations: let

. . 1 - -
KOél ----- Oén(plv"'vpnfl) = ﬁlgr;onggo W<T‘]a1,p1;"' ;JOé1,p1>ﬁ,L7 (16)

where: ; € {0,1,2}UTand,ifo € {0, 1,2}, Jop hasalready been defined
above, while, if &« = o € I, then J,, = ﬁg, that is the Fourier transform
w.r.t. tof (ng)t Moreover, in the right side of (16), p, == —p1--- —
Pn_1. Note that K, i ((w, O)) equals the Euclidean current-current correla-
tion f(ij(w) defined in (5) above. By using (15) into the definition (16) one
gets

2
ileO,a2,~~~,an (pla s 7pn—1) + Zpl,iKi,a2,~--,oen (pl; cee 7pn—1)
=1
= Saj;dj (pla R 7pn—1); (17)
=2
where &; = (g, ..., #j, ..., ) and, if T let

~

B . - -
Ao, (P1,Pj) 32/0 dte—z(w1+wj)t[‘]0,(t,p1)7Jajv@v?j)]’ (18)

then

Socj;ézj (pla s 7pn—1) = B,lli/gloo W X
<T Aaj (pla pj); Ja2,p2; Ty Jaj717pj71; /aj,pj; Ty Jan,pn>B,L-
(19)

In order to prove (17), one can start from the very definition of w1 Koay-..q,,:
1w Ko a0, an (p17 cee 7pn71>

I o O = . .
= i —iwity . L ]
Jim Jim 57 /0 dty 0 o AT Jo )i Jaz a5 Janpa)s
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In the right side, the derivative w.r.t. ¢, when acting on

<T JO,(t1,P1); Jaz,pQ; T Jan,pn>5,L7

can either act on Jy (¢, ), in which case we get
—P1- <T ‘](thpl); Jaz,PQ; Ty Jan,Pn>ﬁ,L7
or on the theta functions that implement the action of the time-orderding
operator T', in which case we get
n

E :<T [J(L(thm)’ Jay(h#’j)] ) JO%PQS B /a]‘,pj; T Jan,Pn>ﬁ7L'

i=2
Putting together the two contributions, we get (17).

Now, recalling the fact that the truncated Euclidean correlation func-
tions of local operators decay exponentially in space and (Euclidean) time,
one has that their Fourier transforms are analytic in p; in a neighborhood of
the origin. In particular, I can differentiate (17) w.r.t. p; and then set p; = 0.
Let me do so in a few special cases, which will be useful in the following. Con-
sider (17) in the case n > 2and a; € I,Vj > 2, in which case it reduces
to

2
w1 Kog(P1,- -, Pn-1) + Zpl,jKj,g(Pla cyPn-1) =0,
j=1
where o = (a, . . ., ). The reason why the right side of the Ward Identi-
ties is zero is that Jy (4, ,) commutes with J, (1, 5.y, Vo; € I. By differenti-
ating the previous identity w.r.t. p1, and then setting p; = 0, one gets:

Kj@((w? 0)7 b2, ... 7pn—1) (20)
Koo((w,0), P2, ,Pn1), Jj=12.
o 00 ((@,0),P2, -, Pn-1), J

Similarly, if n > 3, a0 = j' € {1,2},and (a3, ..., q,) € "2, then the
Ward Identity (17) reduces to

= —w

2

iwlko,j’,g(pla ooy Pno1) Zpl,jkj,j’,g (P15 s Pn1) =

g )

A

Sj’;g(pb te 7pn71)7
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while, if vy = 0,

2

Z'w1f(0,0,g(p1; ey Pn-1) Zpl,jf(j,o,g(ph -+ Pn-1) =0,
j=1

or, by exchanging the roles of p; and p»,

2

iws Ko0,6(P1s - -, Prot) + sz,jffo,j,g(pl, s Pa1) = 0. (22)
j=1

Now, by differentiating (21) w.r.t. p; and then setting p; = 0, one gets

[A(—J"j/,g((wl? 0)’ P2, .- 7pn71)

.0 -
= _ZWIEKOJ’,Q((WM 0)7 | S P ;Pnﬂ)
o .
_S"'o' 707 yor s Pn—1), 23
+8p1,j g_((w1 ), P2 P 1) (23)

Moreover, by differentiating (22) w.r.t. p, and then setting p, = 0, one gets

KO,j',Q(ph (w27 0)7 Ps3, ... apn—l)
[A(O,O,g(pb (w27 0)7 | SEPIE 7pn*1)' (24)

= —iWQ
ap2,j’

By plugging (24) into (23), we obtain

f(jd"g((u}l, 0)7 ((")27 0)7 Ps3,. .. 7pn—1)

2
= —w1w2mKo,O,g((W1, 0), (w2,0),p3, - - - 7Pn—1>
0 -
+8—Sj’;g((w170))(w270)7p3a"'7pn—1)‘ (25)
P1,j

In the following, I intend to combine the identities (20) and (25) with the
Schwinger-Dyson equation. Before I do so, let me conclude this section by
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prgving that the diamagnetic term in the Kubo conductivity is equal to
%Kij(O): consider (17) withn = 2and ap = j € {1,2}:

iWKO,j(p)+p1K1,j(p)+p2K2,j(p) = Sj(p), where p = (w,p).

Deriving this equation w.r.t. p and then setting p = 0, one gets:

. 5,
K;;(0) = 8pj~ (0). (26)

Recalling the definition of S 5(P), eq.(19), I can write

SiP) = ([ D e "4, Jip) Ve

(here I denoted by J; _,, the j-th component of JN(t’,p) | +—o)» so that

~

K;5(0) = —ig{[X;, Jj]) oo
= q2<[Xiv [Hv XJH)OO = _q2<[[H7 Xi]u Xj])ooa

as desired.

7.2 Schwin ger-Dyson equation

The Schwinger-Dyson equation that I want to discuss is an interpolation

identity relating the current-current correlation K ; of the interacting model,
with interaction strength U, to higher point correlation functions (such as
current-current-density-density correlations) atinteraction strength U’, where
U' is an interpolation parameter between 0 and U. More general Schwinger-
Dyson equations can be obtained along the same lines outlined below, for
different multi-point correlations.

For the purpose of this and the following section, I add a superscript U
to the interacting current-current correlation at interaction strength U (and
similarly for the higher point correlations), in order to emphasize its depen-
dence upon this parameter. By the fundamental theorem of calculus,

d
au’

U
Kfj(p)zKﬁj(pH/o dU' —— K[ (p).
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Recall that KU/ is the current-current correlation computed in the Gibbs
state with HamlltonlanH Hy — U'V — uN, see (1). Therefore, by com-
puting the derivative in U’, one finds

U
K5j<p>=f<ﬁj<p)+/ aUv' kY (p. — p), (27)
0

where

P . ) 1 ~ ~
ng(p,—p) = lim lim ?(T(]i,p?JJ}—p?/ V}dt>BL,

B—o0 L—00

and, again, the superscript U’ in the right side has been added to emphasize
that the Gibbs measure is associated with the Hamiltonian H = Hy—U'V —
pN, with interaction strength U'.

Now, in the limit 3, L — o0, fo V} dt formally tends to
d(]() N ~o!
/ | B Z 1000 (0)7 g,

where @ = (qo, ¢); at finite 8 and finite L, foﬂ V, dt can be written in the
same form, but the integrals over gy and ¢ should be interpreted as suitable,
d1screte, Riemann sum approximations. By using this explicit expression for

f V, dt, one rewrites:

1
Kiaw(p) = Jim Jin 575

dqodq A S a noao! \U'
/ 27T|B| o,0’ (q) <T i,p; Jj,*p; nqn—q>ﬁ7L'

where, again, the integrals over ¢y and ¢ should be interpreted as appropri-
ate Riemann sums. Note that there is no semicolon between n ng and N /q,
Z.e., the correlation function in the right side is not ‘completely truncated’.

Of course, if desired, one can rewrite it as a linear combination of (products

of) completely truncated correlations. If I do so, and then perform the limit
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B, L — o0, 1find that (27) can be rewritten as:

Kl(p) = / dU' > x (28)

o0’ €l

X

d dg . ,
[ / Qo |—B€’|< KV (p,~p.q)

+ 2050(0)K],(p, ~P)Ky

1,5,0

200 (K (p >f<;{;/<—p>)].

7.3 Cancellations and proof of the main theorem

By combining the Ward Identity, or, better, the two corollaries of the Ward
Identity, eqs.(20) and (25), with the Schwinger-Dyson equation, one can
easily prove the desired cancellatlons leading to the claim of our main the-
orem. Let me denote by 5 the Euclidean Kubo conductivity at interaction

strength U

(29)

Remember that K J(p) is smooth (analytic!) in its argument. By using the
Schwinger-Dyson equation (28) in the right side of (29), one gets:

U

ol =ay+ dU" x 30
! ‘51/\€2| Z;I/ 30)
dqo dq . O
xilino{/ ®v0,0< )oK (,0), ~(,0), 0
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I now focus separately on the three contributions displayed in the three lines
of this equation. Let me start with the first term, 7., the one involving

0
a_ngj,o',a/((w70>7_(w70>7q)~

By using (25), one can rewrite

0
a_ngj,a,a/((w70)v_(w70>aq) = (31)
a 2 82 o Ul
- _ - K , _
Ow |:UJ apl,iaij 0,0,0,0 ((w> 0)7 (w7 0)7 q)] )

where I used the fact that %S’j@ ((w, 0), —(w,0), q) is independent of w,

by the very definition of S j:o» cf. with (18) and (19) and recall that in this case
w1 = w = —wa. By recalling the smoothness and boundedness properties

> / . . . . .
of K\, ,» and of its derivatives, we see that (31) implies that
9 v
v,
O i

tends to zero as w — 0. Correspondingly, the contribution to 6?- from the
second line of (30) vanishes (the only issue to be discussed is the exchange of
the limit with the integral over gy — for details, see [29, Section 4]).

A similar discussion shows that the contributions to 7, from the third
and fourth lines of (30) are zero, as well, and this completes the proof of The-
orem 1.

((wv 0)’ _(wa 0)7 q)

8. CONCLUSIONS

I reviewed a recent proof of universality of the Kubo conductivity for a class
of interacting lattice fermions in two dimensions. ‘Universality’ refers here
to the independence of the transport coefficient from the strength of the
electron-electron interaction: ze., the interacting conductivity is equal to the
non-interacting one, provided the non-interacting Hamiltonian is chosen to
have a spectral gap, and the strength of the interaction is small, compared to
the gap size. The class of models which this result applies to includes an in-
teracting version of the Haldane model. The nice feature of this model is that
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it displays a transition from a ‘topologically trivial’ insulating phase (charac-
terized by vanishing transverse Kubo conducitivity) to a non trivial one, as
the parameters ¢ and M characterizing the hopping term are varied. The
main theorem of these notes, Theorem 1, proves that the same transition takes
place in the presence of interactions, thus providing an example of ‘topolog-
ical phase transition’ in a model of interacting electrons.

Building upon the ideas and methods reviewed here, in particular com-
bining them with an infrared multiscale analysis of the ground state of the in-
teracting fermionic system, one can even characterize the nature of transition
line from the topologically non-trivial phase to the trivial one, and it turns
out that, in the case of the interacting Haldane model, the critical theory be-
longs to the same universality class as the non-interacting one. Nevertheless,
the interactions have the remarkable effect of renormalizing (‘dressing’) the
transition line: repulsive interactions tend to enlarge the topologically non-
trivial region. For details, see [26, 30]. Constructive fermionic renormaliza-
tion group methods have also been used to prove universality of the longi-
tudinal (‘optical’) conductivity for interacting graphene [28] and, more in
general, for the interacting Haldane model on the renormalized critical line
[26, 30].

A lot remains to be done, but it is likely that extensions of the meth-
ods reviewed here, and further exchange of ideas between the mathematical
physics and condensed matter communities, will allow us to attack and solve
new problems that are currently beyond the state of the art, most notably
the universality of quantum transport coefficients in interacting electron sys-
tems, in the presence of edges and disorder (in the case of systems with edges
and no disorder, see [6, 45] for recent progress). I hope that the next decades
will also witness advances in other challenging open problems in mathemat-
ical physics, such as the theory of the superconducting phase in interacting
Fermi systems, of the condensed phase in interacting Bose systems, and of
the ferromagnetic phase in ferromagnetic quantum spin systems.

A. THE NON-INTERACTING HALL CONDUCTIVITY AS THE FIRST
CHERN NUMBER OF THE BLOCH BUNDLE

In this appendix, I give a sketch of the proof of (4). I assume for simplicity
thatr, = 0,Vo € I,and Iset ¢ = —1. In this case, after Fourier transform,
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one gets

J = Z/|B| kaakHO ()7721;0"7

where Q/AJ,:: = etike ¢x - Using the Wick rule, one gets
([, Jj(O)]) o = Z / Eak o1.0s (F) X

w,;@wk,gg DYocOh, 1S, g, (k)0 0y U, (D) = (i),

where
Gty Uiy (D)oo = [Pr(R)e T =00
(O o Vs (oo = [P (k)e™ T R)=001]

I plug these expressions in the previous formula, and I use the fact that

OH (k) = 0 > Pu(k)H (k) Pa(k).

04,01

After a straightforward computation, one finds that
([i, ()] oo = G35(2),
with
Gi(t) =
/ ‘dg‘ [5k; (k) i(ﬁo(k)—u)takj P_(k) p_(k)e—i(ﬁo(k)—u)t}
+ (z o j) .

The contrlbutlon to the Kubo conductivity involving ([ .J;, J;(¢)]) oo can then

be written as 77 - 77 times the limit as 7 — 0" of

—i [° " — / . : °
= [ ey = a0 +iGy0) iy / MG ()t

77 —00 —00
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Now, the third term in the right side goes to zero as 7 — 0. Moreover, a
straightforward computation shows that the first term in the rightside (which
is singular as 7 — 07) is equal to

—i 1 [ dk .
—@0:—/—ﬁkaaRh
SG(0) = = | T O HO ()00, P (k)

which cancels exactly with the diamagnetic contribution to the Hall conduc-
tivity. In fact, after performing a Fourier transform, and using (33), one finds

! L[ e

L H XL XD = 5 [ e, w60
_ % B%C'TrP(k)aki@kjflo(k) (35)
= _% B%TrakﬁO(k)akjp_(k), (36)

that is ?G;j (0) — % [H, Xi], X;])oo = 0.
In conclusion, plugging all these relations in (3) at U = 0, and recalling

the fact that |3 A o] |B] = (27)?, one finds

1
oij| —mGw‘(O)

= —i/B%Tr{P(k) [0k, P (k), O, P (k)] }’

as desired.
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