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SuNTo. — Una breve introduzione alla figura scientifica di Stephen Hawking e ai suoi
contributi alla comprensione dell’interazione fra relativita generale e teoria quantistica.
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ABSTRACT. — A brief introduction to the scientific work of Stephen Hawking and to
his contributions to our understanding of the interplay between general relativity and
quantum theory.

1. INTRODUCTION

The scientific life of Stephen Hawking follows a path that eventually led
him to establish some of the most relevant theoretical results in general
relativity, from the properties of black holes and spacetime singularities,
to the introduction of the revolutionary circle of ideas and techniques
that go under the name of Hawking (Black Hole) Radiation. This is ar-
guably the most significant result in the still ongoing attempt to reconcile
general relativity with quantum theory, an attempt which, in the words of
Roger Penrose, represents the most fundamental unsolved foundational
issue in Physics.
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Fig. 1 — The bending of light caused by the curved geometry of space.

2. GRAVITY

Our story begins with gravity, the weakest among the known interac-
tions, but the most evident because it is universal: gravity acts in the same
manner on every form of mass—energy, hence its effects are cumulative.
Moreover, gravity is a force which affects every particle in the same way,
as first recognized by Galileo, a basic observation which expresses the uni-
versality of free fall: All free-falling bodies with negligible gravitational
self—interactions follow the same path if they have the same initial veloc-
ities. This is the weak Principle of Equivalence which allows us to elim-
inate the local gravitational field. Stated more precisely, in Newtonian
mechanics we have the freedom of choosing at any point (and at a given
instant of time) a (non-rotating) local frame of reference in which the
gravitational field, at the given point and at the given instant, can be elim-
inated and in which Newton equations of motion take the form they have
in an inertial frame. This cannot be a peculiarity of the laws of New-
tonian mechanics and with a bold step Einstein extended this property,
with his Equivalence Principle, to all physical laws: In all non-rotating
free—falling local frames of reference: the so-called Local Inertial Frames
(LIF)), the non-gravitational laws of physics take the same form they have,
in absence of gravity, in the inertial frames of Minkowski spacetime. In
other words, non-gravitational physics in each local inertial frame is the
physics of special relativity in absence of gravity, in particular in a LIF
light propagates in vacuum as in special relativity. It follows that around
a gravitating source light propagation is described by the collection of /o-
cal light cones associated with the local inertial frames surrounding the
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<PREADING WAVE FRONTS

Fig. 2 — The future light cone as a collection of spreading wave fronts issuing from an
event.

gravitational source: Gravity bends light (both via the geometry of time
and, in a more significant way, via the geometry of space) (F7g. 7).

In a definite sense, the basic role of the light cone and causality in
general relativity is the key for understanding Hawking’s results. Let us
recall that the future light cone at an event P may be thought of as the
world-history of the propagation of alight-front emitted (in vacuum) by a
light-flash at P. Each light-front is a 2-sphere expanding from P. Similarly,
the past light cone at P is the world history of a light front converging into
P (Fig. 2).

It is worthwhile to stress that the light cone is not a peculiarity of
electromagnetism. The propagation of every massless field is character-
ized by this propagative cone, and its structure is a property of Minkowski
spacetime. The causality principle together with special relativity implies
that no physical signal can travel faster than light. It follows that the light
cone determines the causal structure: how spacetime events are causally
related to each other (F7g. 3).

Hence, regardless of electromagnetism, the light cone can be iden-
tified as the characterization of the causal structure of Minkowski space-
time: given an event P, it tells us which event is in the past, in the future,
or in the present of P. In special relativity the light cones are all equiva-
lent: we can map one into any other via (active) Poincaré transformations.
Hence, the causal structure of Minkowski spacetime is rigid. However, if
we switch on gravity this is no longer true: the local inertial frames associ-
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Fig. 3 — The light cone at the event p and the associated causal structure.

ated with two distinct events p and ¢ nearby a gravitating mass accelerate
(Fig. 4) one with respect to the other as a consequence of the local gradi-
ent of the gravitational field (tidal gravitational forces). The correspond-
ing local light cones C,, and C; are no longer congruent one to the other.
It follows that gravity deforms (and determines) the causal structure of
spacetime! The gravitational interaction forces us to a shift from the flat
Minkowski spacetime, as the arena for (nongravitational) physics, to a
curved Lorentzian manifold (M, g), where gravity is no longer a force but
simply the manifestation of the dynamics of a curved spacetime (Fzg. 5).
This is General Relativity, the modern theory of gravitation governed by
Einstein’s equations,

) 1 G
Ric(g) — 59R(9) = =T

where Ric(g) and R(g) respectively are the Ricci and the scalar curva-
ture associated with the spacetime metric g, 7' is the energy—momentum
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Fig. 4 — The relative acceleration between two local inertial frames generated by the

gradient of the gravitational field (Tidal forces).

tensor describing the mass—energy sources present, G denotes the grav-
itational constant and c is the speed of light in vacuum. Notice the in-
trinsic non-linearity of the theory. Via the coupling 8:4G, the distribu-
tion of mass—energy 7" generates spacetime curvature. Conversely, space-
time curvature determines the evolution of the mass—energy sources via
the freely-falling condition div 7" = 0, consequence of the contracted
Bianchiidentity div (Ric(g) — 5 g R(g)) = 0, (where div s the ten-
sorial divergence V, T% associated with the Levi-Civita connection V
on the spacetime (M, ¢)). This non-linearity is the basic reason why Ein-
stein theory is so complex and rich.

3. BLACKHOLES

The connection between spacetime geometry, causality and gravity is pow-
erful but also leads to a severe problem: Gravitational Collapse and Sin-
gularities. In this connection, it is worthwhile to go through a back-of-
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Fig. 5 — The causal structure in a curved spacetime is no longer rigid as in Minkowski
spacetime: the lightcones react to the distribution and the evolution of the mass—energy
present.

the-envelope calculation providing us a rough indication of the physical
regime in which general relativity is relevant. From Newton theory, we
know that gravity plays a significant role in the analysis of a physical phe-
nomenon if the typical velocities v induced on a test particle by the gravi-
tational attraction exerted by a mass M/, concentrated in a region of radius
r, are such that

1, GM

— 7~ )

2 T
On the other hand, special relativity plays a significant role if the veloci-
ties involved in discussing a physical configuration are such that they ap-
proach, in modulus, the speed of light in vacuum, |v| =~ c. It follows
that general relativity is expected to play a significant role if % 2~ GTM,
t.e., if the region where M is concentrated has a radius

2GM
r ~ 5 ‘= T'Schw
C
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r=2GM Horizon

Fig. 6 — As the star evolves it may collapse under its own gravity. The more it gets con-
centrated in small regions the stronger are general relativistic effects. The Schwarsgschild
radins associated with the given mass of the star is the typical length scale signalling the
relevance of general relativity in the modeling the gravitational dynamics of the star.

a quantity known as the Schwarzschild radius (F7g. 6) associated to the
mass M. This general relativistic regime is put to the fore when a star
collapses under its own gravity and evolves into a Black Hole: here the
connection between causal structure and gravity features at its peak. It
is well-known that the possibility of the existence of Dark Stars (black
holes) had been already explored in Newtonian theory by John Michell
(1783) [9], and Pierre-Simon de Laplace (1798) [8]. In the very words of
J. Michell (paragraph 29 of his paper [9])

If there should really exist in nature any bodies, whose density is not less
than that of the sun, and whose diameters are more than 500 times the di-
ameter of the sun, since their light could not arrive at us; of if there should
exists any other bodies of a somewhat smaller size, which are not naturally
luminous; of the the existence of bodies under either of these circumstances,
we could have no information from light; yet, if any other luminous bodies
should happen to revolve about them we might still perbaps from the mo-
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Fig. 7 — The relevant parameter for the existence of black stars in Newtonian theory is
the total mass of the star rather than the density.

tions of these revolving bodies, which would not be easily explicable on any

other hypothesis ... (Fig. 7)

This Newtonian result, which seems to imply that "the largest bod-
ies in the Universe could remain invisible to us”, is not dynamically very
relevant, since it depends only on the mass of the star. However, accord-
ing to general relativity, what matters is the dynamical concentration of
a sufficiently large amount of matter in a sufficiently small region as to
deflect light going out from the region so much that it can be dragged
back inwards. This situation implies that matter, which cannot travel
faster than light, is trapped in a region whose boundary decreases to zero
within a finite proper time. A Black Hole is born, a spacetime singularity
must occur (F7g. 8). The prescient work (1939) by Robert Oppenheimer
and Hartland Snyder [10], describing the gravitational collapse of a ball
of dust, was conducive to such a conclusion, but it was (erroneously) be-
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Fig. 8 — The presence of mass—energy concentrated in a given region deforms the distri-
bution of spherical wavelets the envelope of which generates the ingoing and the outgoing
wavefronts associated with the boundary of the region considered. When there is enough
matter concentrated in the given region, the two families of future—pointing light rays
emerging orthogonally from the boundary of the region considered are both (initially)
convergent: a trapped surface bas been generated.

lieved that the development of a singularity was an artifact of the spheri-
cal symmetry. That the onset of a singularity is a general consequence of
gravitational collapse was proven in 1965 by R. Penrose in a remarkable
paper [11] which laid the foundation of all subsequent work (and in par-
ticular of Hawking’s work) on singularity theorems in general relativity.
Penrose made use of modern techniques of differential geometry charac-
terizing the spacetime singularities in terms of geodesic incompleteness,
stressed the role of Cauchy hypersurfaces and introduced the notion of
closed trapped surface, a two-dimensional closed surface which happens
to be embedded in the given spacetime in such a way that the two families
of future—pointing light rays emerging orthogonally from it are (initially)
convergent (Fig. 8).

A fundamental example of the complex causal structure associated
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Fig. 9 — The generation of the future event horizon in a collapsing star.

with a radially collapsing star eventually evolving into a non-rotating black
hole (Fig. 9 and Fig. 10) is provided by Schwarzschild spacetime (1, g),

-1
g= —(1—2GM> dt® + (1—2GM) dr?

c2r c2r
+7%(d6? + sin® 0d¢?) |

This is the solution of Einstein equations in vacuum (Ric(g) = 0) ob-
tained, as early as 1916, by Karl Schwarzschild [13], and which geometri-
cally describes an asymptotically Minkowskian spacetime endowed with
spherical symmetry. A full understanding of the causal structure of this
spacetime had to wait the 60s (after a long chain of contributions marked
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Fig. 10 — Schwarzschild spacetime describing a non-rotating black hole of mass M.

by G. Lemaitre, A. Eddington, J. L. Synge, M. Kruskal and G. Szekeres)
when the nature of the formal singularity at the Schwarzschild radius
T = rgenw = 2GM/c* was eventually understood. The Schwarschild
metric exhibits the relevant and typical structure that are believed to char-
acterize the spacetime region exterior to a (non-rotating) gravitationally
collapsing star, namely: (z) The onset of an event horizon, precluding to
the external observer access to the information on what happens to the
star once its surface crosses the horizon; and (7z) the development of a sin-
gularity (which remains invisible to the external observer) into which the
star inevitably falls according to general relativity. The causal structure of
a Schwarzschild black hole can be clearly seen in the diagram described in
Fig. 11, where the nature of the event horizon associated with the black
hole region is detailed. A basic role in this discussion about black holes is
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Fig. 11 — A4 description of the cansal structure near the borizon of a Schwarzschild black
hole (top) and a rotating Kerr black hole(bottom,).

also played by the Kerr metric [7] (here in Boyer—Lindquist coordinates
andc = 1)

r? + a? cos® 0
r2 —2GMr + a?
2GMr
r2 + a? cos? 0

g = —dt* +

dr* + (r* + a* cos® 0) db?

+ (r2 + a2) sin? 0 dp* + (a sin? 0 d¢ — dtQ) ,
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which describes the vacuum spacetime associated to a rotating axially-
symmetric black hole of mass M and angular momentum J = M a.
Its causal structure is described, in a sketchy form, in Fig. 11. Besides
the presence of inner singularities (with a structure different from the
Schwarzschild singularity) and event horizons it is characterized by the
presence of a spacetime region, the ergosphere, external to the black hole’s
(outer) event horizon, where no time-like observer could remain station-
ary. Roger Penrose [12] showed that particles within this ergosphere re-
gion could possess negative energy as measured by an observer at infinity.
When these particles are captured by the horizon, we can extract energy
and angular momentum from the rotating black hole, a possibility that
played a basic role in the development of the circle of ideas leading to the
Hawking radiation.

4. SINGULARITIES

The basic question around the nature of Schwarzschild and Kerr black
holes concerned the possibility that the development of an event horizon
and of the ensuing singularities was not a generic fact, to be expected in
the physical evolution of a collapsing star, but rather the consequence of
the particular properties of these very symmetrical solutions of the Ein-
stein equations. This was not an academic question, since the develop-
ment of singularities in spacetime implies a corresponding break down of
the laws of physics, a basic issue in modern general relativity. The two
physical situations where singularity of this type occur are the gravita-
tional collapse of sufficiently massive stars and the big bang singularity in
cosmology. The problem of the cosmological singularity marked Hawk-
ing’s interest in the matter. Together with G. F. R. Ellis he discussed the
development of singularities in homogeneous cosmological models [1],
and together (1973) they wrote the wonderful The large scale structure
of Space-Time [5], where they provide a detailed and still very actual de-
scription of the sophisticated global geometrical methods pioneered by
them and Roger Penrose. This classic book marked also the birth of mod-
ern mathematical general relativity. A series of events, fostered by Den-
nis Sciama, led to a collaboration with R. Penrose [2]. Together, they
were able to prove that a big bang singularity was also a feature not just of
the standard highly symmetrical Friedmann-Lemaitre-Robertson-Walker
(FLRW) cosmological models, but also of more generic (not symmetric)
model, a theorem generalizing Penrose’s original results by showing that
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Fig. 12 — The dynamics of the event horizon resulting from the coalescence of two black
holes.

a big-bang-type singularity was a necessary implication of general relativ-
ity. These years mark also Hawking’s fundamental contribution [3] to a
basic result of black hole theory according to which (z) The event horizon
of a black hole has the topology of a sphere, (i) The surface area of the fu-
ture event horizon never decreases with time (F7g. 12). These properties
suggested him a deep analogy between the behavior of black holes and the
laws of thermodynamics: The surface area of the black hole horizon and
its surface gravity were shown (in a foundational work [4] written in col-
laboration with B. Carter and J. Bardeen) to play a role analogous, respec-
tively, to the role that entropy and temperature play in thermodynamics.



STEPHEN HAWKING: SPACE, TIME AND QUANTA 89

By deriving an expression for the mass of a stationary axisymmetric so-
lution of the Einstein equations containing a black hole surrounded by
matter and discussing aslo a formula for the difference in mass between
two neighboring such solutions, they noticed that two black hole param-
eters, the area A of the event horizon and the surface gravity k of the black
hole, have in their words a dlose analogy with entropy and temperature re-
spectively. This analogy suggests the formulation of four laws of black hole
mechanics which correspond to and in some ways transcend the four laws of
thermodynamics (Fig. 13). In the notation associated with the Kerr met-
ric (recall that the surface gravity of a black hole is, roughly speaking, the
acceleration required (as measured from an asymptotically Minkowskian
observer), for a test particle to stay still on the event horizon), we have

* Oth Law: the surface gravity of the (future) event horizon  is con-

stant
VM2 — a2
K=
2GM (GM 4+ VG2M?2 — &2)
* 1st Law: if a stationary black hole of mass M and angular mo-

mentum .J = Ma is perturbed to another stationary BH (M +
OM,J + §J) then

AM = 2 dA +Qp dJ
8

where Qp = J l is the black hole horizon an-

26 M [GM2+\/G2M4—J2
gular velocity;

* 2nd Law: Hawking’s area theorem holds: The surface area of the
future event horizon never decreases with time.

This thermodynamic behavior of black holes seemed, at the time, just a
curiosity and we let S. Hawking comment on this:

But it was Jacob Bekenstein, who took the bold step, of suggesting the area
actually was the physical entropy, and that it counted the internal states of
the black hole. I was very much against this idea at first, because I felt it was
a misuse of my horizon area result. If a black hole had a physical entropy, it
would also have a physical temperature. If a black hole was in contact with
thermal radiation, it would absorb some of the radiation, but it would not
give off any radiation, since by definition, a black hole was a region from
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Fig. 13 — The correspondence between the laws of thermodynamics and the laws of black
hole mechanics.

which nothing would escape. If thermal radiation was at a lower temper-
ature than the black hole, the loss of entropy down the black hole, would be
greater than the increase of horizon area. ... No one, including Bekenstein
and myself, thought anything could get out of a non rotating black hole. On
the other hand, Penrose had shown that energy could be extracted from a
rotating black hole, by a classical process. This indicated that there should
be a spontaneous emission in the super radiant modes, that would be the
quantum counterpart of the Penrose process. In trying to understand this
emission in the super radiant modes, in terms of quantum field theory in
curved spacetimes, I stumbled across the fact that even non rotating black
holes, would radiate. Moreover, the radiation would be exactly what was
required, to prevent a violation of the second law. Bekenstein was right after
all, but in a way be badn’t anticipated.

Hence, black hole physics connects Hawking’s area theorem to the second
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law of thermodynamics: d.S > 0. A black hole with an event horizon of
area A has an entropy given by

k’BA o k’Bﬂ'Rg . k?BA
4Gh  Gh 413

SBH =

where kp is Boltzmann constant. By a sophisticated analysis of quan-
tum fields on the curved spacetime associated to the black hole, Hawking
was able to prove [6] that coherently with the thermodynamic behavior,
a black hole emits a black body radiation at a temperature given by the
celebrated formula b

Topy = ——— .
B = erGlpM

A layman explanation of the general philosophy underlying this basic re-
sult can be at least qualitatively appreciated if we consider the interac-
tion of the event horizon with a quantum field. As the field approaches
the horizon its fluctuations (even the virtual ones), as seen by an asymp-
totic Schwarzschild observer, slow down more and more as the field ap-
proaches the horizon. In particular, short-lived virtual fluctuations are
stretched over the full surface horizon area (F7g. 14) and become physical
fluctuations since a virtual particle that exists for an arbitrarily long time
...Is an ordinary particle! Hence, black holes are not so black and through
their thermal emission they should evaporate at faster and faster rate. For
this to happen for standard black holes you have to wait for eons! Some
numerical figures may be of help,

Tpu(few Sol M) ~ 107°K
Tpg(Moon) ~ 10K

Tsp(a boulder) ~ 10K

Ter(Mpianer) ~ 107K

Hence, Hawking temperature is tiny for ordinary astrophysical masses,
but it tends to grow exponentially as we consider black holes of smaller
and smaller masses. Hawking speculated that tiny cosmological black holes
should exists as remnants of the Big Bang and that they could be revealed
through the energetic explosion resulting from their runaway evapora-
tion. Alas, none has been revealed up to now! It is also worthwhile to
stress that black hole entropy Sy is proportional to the area A of the
event horizon and not to the 3-dimensional volume V' enclosed within
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Fig. 14 — The bebavior of quantum field fluctuations as they approach the horizon.

the (horizon) surface area A (F7g. 15). This is a basic feature of the ther-
modynamics of a system involving gravity. For a usual thermodynamical
system associated to a local QFT, we have S oc V. In particular, the
number of QFT states with a maximum energy density €4, that can
be gathered in a 3d volume V' typically is Nopr o exp[s(€maz) V],
where 5(€4) is the entropy density as a function of the energy(density).
Hence, Spy is the maximum entropy of a region V' of 3D space: an en-
tropy that is proportional to the surface area measured in Planck units.
The basic fact remains that Spy is much larger than the physical (mass—
energy) entropy of the collapsing star generating the black hole, and one
is left with the very difficult question of understanding its physical origin.
Are we touching here, with the interpretative physical problems raised by
Hawking radiation, the boundary between general relativity and quan-
tum theory? One may think that the Mathematical entropy of a BH is
a measure of the potential capacity of the BH to store information, or
that we need the powerful extension of quantum field theory provided
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Fig. 15 — The black hole entropy Spm is proportional to the surface area of the event
horizon.

by string theory to address a state counting interpretation of Spy (there
have been indications in this direction) ... Still it is fair to say that we do
not have a complete theory (and perhaps the right new ideas!) and Hawk-
ing radiation is challenging us, by offering a great opportunity to probe
Gravity and the Quantum.

S. MIND OVER MATTER

Stephen Hawking was arguably one of the greatest relativist of the last
fifty years. In this vastly incomplete note, a written report of my short
address at the Istituto Lombardo to honor his memory, we just touched
upon his many impressive, if not revolutionary, contributions to our un-
derstanding of General Relativity and of their impact on the physics of
the Universe. He had a public, romanticised, image, in the words of his
lifelong friend Roger Penrose, the symbol of the triumph of mind over mat-
ter. An image fully justified by the fact that, notwithstanding his physical
condition, he was able to establish extraordinary representations of the
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patterns of the world, which thrive on surprise and beauty.
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