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r−5 r

∂

∂t
f( , t) = Qb[f(·, t), f(·, t)]( )

( , t) R3× (0,+∞) f(·, t)
t

Qb (ϕ,ψ)
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1(R3)

Qb[ϕ,ψ]( ) :=

∫

R3

∫

S2

[ϕ( ∗)ψ( ∗) − ϕ( )ψ( )]b

(
−

| − |
· ω

)
uS2( ω)

uS2

S2 R3
∗ ∗

+ = ∗ + ∗ | |2 + | |2 = | ∗|2 + | ∗|2

ω S2

∗ = + [( − ) · ω] ω

∗ = − [( − ) · ω] ω

· [0,+∞)
b (−1, 1)

x (−1, 1)

b(x) = b(
√

1− x2)
|x|√
1− x2

= b(−x)

1∫

0

b(x) x = 1 .

f0
f(·, t)
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R3

M 0,σ( ) :=

(
1

2πσ2

)3/2

{− 1

2σ2
| − 0|2}

( 0, σ) R3×(0,+∞)

f0

f0
∫

R3

f0( ) =

∫

R3

| |2f0( ) = 3 .
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∫

R3

f( , t) =

∫

R3

f0( )

∫

R3

| |2f( , t) =

∫

R3

| |2f0( )

t [0,+∞)

M ,1 M

Lb

Lb[h]( ) :=

∫

R3

∫

S2

M( ) [h( ∗) + h( ∗) − h( )− h( )]×

× b

(
−

| − |
· ω

)
uS2( ω) .

Lb

f( , t) = M( )(1 + h( , t))
h

∂

∂t
h( , t) = Lb[h(·, t)]( ) +Rb[h(·, t), h(·, t)]( )

Rb

Rb[ϕ,ψ]( ) :=
1

M( )
Qb[Mϕ,Mψ]( ) .

h
t

Rb

Lb

Lb

h
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f0
Lb

Lb

h : R3 → R f(·)
M(·) − 1 f

R3

H := 2(R3,M( ) ) Lb

H
Lb (·, ·)∗

|| · ||∗ H
Nδ := {h ∈ H | ||h ||∗ ≤ δ} δ

Lb

{1, v1, v2, v3, | |2}
H0 H Lb

∫

R3

f( , t) =

∫

R3

M( )

∫

R3

| |2f( , t) =

∫

R3

| |2M( )

t [0,+∞) h(·, t) H
H0 t Lb

Λb

Λb = −2

1∫

0

x2(1− x2)b(x) x

ϕ H0

(
Lb[ϕ], ϕ

)
∗ ≤ Λb ||ϕ ||2∗ .
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f(·, t) M

Lb

H

1

δ := |Λb|/16

f0(·)−M(·)
M(·)

∈ Nδ ,

f(·, t)−M(·)
M(·)

∈ N2δ

t > 0

||f(·, t)−M(·) ||1 :=
∫

R3

∣∣f( , t)−M( )
∣∣ ≤ C∗e

1
2
Λbt

C∗ :=

(
1

||h(·, 0) ||∗
+

2

Λb

)−2

.

f0( ) =
∏3

i=1 gσi(vi) gσ(x) :=
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1√
2πσ2

{− 1
2σ2x

2}
∑3

i=1 σ
2
i = 3

∣∣∣
∣∣∣f0(·)−M(·)

M(·)

∣∣∣
∣∣∣
2

∗
≤ 3

1

σ2
√

2− σ2
2

1

σ3
√

2− σ2
3

[
1

σ1
√

2− σ2
1

− 1

]

+ 3
1

σ3
√

2− σ2
3

[
1

σ2
√

2− σ2
2

− 1

]

+ 3

[
1

σ3
√

2− σ2
3

− 1

]

σ2
i ∈

[
1−

√
42 + δ2

21 + δ2
δ, 1 +

√
42 + δ2

21 + δ2
δ

]

i = 1, 2, 3

h0 H0

([0,∞);H0) ∩ 1([0,∞);H0)
T t H0

g T t[g]
∂
∂th( , t) = Lb[h(·, t)]( ) T t

{tLb}
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Lb T t[g]
H0 g

h( , t) = T t[h0]( ) +

t∫

0

T t−s[Rb[h(·, s), h(·, s)]]( ) s

||T t[g] ||∗ ≤ eΛbt ||g ||∗
g H0 t [0,+∞)

|(Rb[ϕ,ψ], ρ)∗| ≤ 2 ||ϕ ||∗||ψ ||∗||ρ ||∗
ϕ,ψ ρ H

||Rb[ϕ,ψ] ||∗ ≤ 2 ||ϕ ||∗||ψ ||∗ .

(Rb[ϕ,ψ], ρ)∗ =

∫

R3

ρ( )Qb[Mϕ,Mψ]( )

=

∫

R3

∫

R3

∫

S2

ρ( )ϕ( ∗)ψ( ∗)M( ∗)M( ∗)b

(
−

| − |
· ω

)
uS2( ω)

−
∫

R3

∫

R3

∫

S2

ρ( )ϕ( )ψ( )M( ∗)M( ∗)b

(
−

| − |
· ω

)
uS2( ω)

∫

R3

∫

R3

∫

S2

[
ρ( )M1/2( ∗)M

1/2( ∗)b
1/2

(
−

| − |
· ω

)]
×

×
[
ϕ( ∗)ψ( ∗)M

1/2( ∗)M
1/2( ∗)b

1/2

(
−

| − |
· ω

)]
uS2( ω) ,
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∫

R3

∫

R3

∫

S2

ρ2( )M( ∗)M( ∗)b

(
−

| − | · ω
)
uS2( ω)




1/2

×

×



∫

R3

∫

R3

∫

S2

ϕ2( ∗)ψ
2( ∗)M( ∗)M( ∗)b

(
−

| − | · ω
)
uS2( ω)




1/2

.

M( ∗)M( ∗) = M( )M( )
∫
S2 b( · ω)uS2( ω) = 1

S2



∫

R3

∫

R3

∫

S2

ρ2( )M( ∗)M( ∗)b

(
−

| − |
· ω

)
uS2( ω)



1/2

= ||ρ ||∗ .

( , ) 7→ ( ∗, ∗) R6

ω S2

b

(
−

| − |
· ω

)
= b

(
∗ − ∗

| ∗ − ∗|
· ω

)
,



∫

R3

∫

R3

∫

S2

ϕ2( ∗)ψ
2( ∗)M( ∗)M( ∗)b

(
−

| − |
· ω

)
uS2( ω)



1/2

= ||ϕ ||∗||ψ ||∗ ,

∫
S2 b( · ω)uS2( ω) = 1 S2

∫

R3

M( )ϕ( )ρ( ) ·
∫

R3

M( )ψ( ) = (ϕ, ρ)∗ · (ψ, 1)∗

|(ϕ, ρ)∗ · (ψ, 1)∗| ≤ || ϕ ||∗||
ψ ||∗|| ρ ||∗
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T > 0 X := ([0, T ];H0)

|||x ||| :=
t∈[0,T ]

||x(t) ||∗ .

Zb[x] := T t[h0] +

t∫

0

T t−s[Rb[x(s), x(s)]] s

X h0 x(s) H0

Rb[x(s), x(s)]
T u[Rb[x(s), x(s)]] H0 s, u [0, T ]

D := {x ∈ X | |||x ||| ≤ |Λb|/8}
X Zb(D) ⊂ D

|||Zb[x]− Zb[y] ||| ≤
1

2
|||x− y |||

x y D h0 Nδ δ = |Λb|/16

|||Zb[x] ||| ≤
t∈[0,T ]


||h0 ||∗ eΛbt +

t∫

0

eΛb(t−s) ||Rb[x(s), x(s)] ||∗ s




≤ ||h0 ||∗ +2
t∈[0,T ]

t∫

0

eΛb(t−s) ||x(s) ||2∗ s .

h0 x D

|||Zb[x] ||| ≤
1

16
|Λb| + 2

1

64
|Λb|2

1

|Λb|
<

1

8
|Λb| .
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|||Zb[x]− Zb[y] ||| ≤
t∈[0,T ]

t∫

0

eΛb(t−s) ||Rb[x(s), x(s)]−Rb[y(s), y(s)] ||∗ s

=
t∈[0,T ]

t∫

0

eΛb(t−s) ||Rb[x(s) + y(s), x(s)− y(s)] ||∗ s

≤
t∈[0,T ]

2

t∫

0

eΛb(t−s) ||x(s) + y(s) ||∗ · ||x(s)− y(s) ||∗ s

≤ 2
1

4
|Λb|

1

|Λb|
|||x− y ||| .

[0, T ] H0

T
[0,+∞)

D
f(·, t) = M(·)

(
1 + h(·, t)

)
f(·, t)

f( , t) =
M( )(1 + h( , t))

||f( , t)−M( ) ||2
1
≤

∫

R3

(f( , t)−M( ))2

M( )
= ||h(·, t) ||2∗ =: θ(t) .

(·, ·)∗
h(·, t)

t

(
h( , t), h( , t)

)
∗ =

(
Lb[h(·, t)], h( , t)

)
∗ +

(
Rb[h(·, t), h(·, t)], h( , t)

)
∗ .

h(·, t) H0 t ≥ 0

t
θ(t) ≤ Λbθ(t) + 2[θ(t)]3/2 .
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ϑ(t) := θ(t)e−Λbt

t
ϑ(t) ≤ 2[ϑ(t)]3/2e−Λbt = 2[ϑ(t)]3/2e

1
2
Λbt .

−2

[
1√
ϑ(t)

− 1√
ϑ(0)

]
=

t∫

0

[ϑ(τ)]−3/2ϑ
′
(τ) τ ≤ 2

t∫

0

e
1
2Λbτ τ ≤

(
4

−Λb

)

ϑ(t) ≤

[
1√
ϑ(0)

+
2

Λb

]−2

=

[
1√
θ(0)

+
2

Λb

]−2

=

[
1

||h(·, 0) ||∗
+

2

Λb

]−2

= C∗ .

C∗
ϑ θ(t) ≤

C∗e
Λbt
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L2

3rd
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