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|añ| ≥
1

2M.P
|an| <

1

2M ′.P
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n=2 añ w∗
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b̃n

v∗h(n) (x)
<

2

2M ′P
1 ≤ n ≤ ñ
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ñ∑

n=1

b̃nvh(n)

(2n − 1, 2n) ⊂ (g(n))n+1
n=1

|w∗
2n−1 (x) | |w∗

2n (x) |
D′ |w∗

2n−1 (x) |

(v∗2n−1 (x) v2n−1, v
∗
2n (x) v2n)

((
+
D′

2

)
w∗
2n−1 (x)w2n,

(
−D′

2

)
w∗
2n−1 (x)w2n

)

w2n

D′

2 |w∗
2n−1 (x) | D′

2 w∗
2n−1 (x)w2n

x∗n (x)xn
∑∞

n=1 x
∗
n (x)xn w2n

(eiπ = −1, ei0 = +1)
(eiθ : 0 ≤ θ < 2π)



AUTORE204

m

M ′ Q0 M ′ Q
N

((un, u
∗
n) ∪ (en,k, e

∗
n,k)

Hn
k=1)

P ′
n=1 X

‖un‖ = 1 ‖u∗n‖ < K 1 ≤ n ≤ P ′ ‖en,k‖ = 1
∥∥∥e∗n,k

∥∥∥ < K

1 ≤ k ≤ Hn 1 ≤ n ≤ P ′

Hn

a q
m EX [a, 1, q] = aQ0.q EX[a,m + 1, q] = EX[a, 1, EX[a,

m, q]] = aQ0EX[a,m,q] H1 = EX [2K,M ′, P ′] =

(2K)Q0EX[2K,M ′−1,P ′] Hn = EX [2K,nHn−1, P ] 2 ≤ n ≤ P ′

P =
∑P ′

n=1 (Hn + 1)

Bn,k,1,s ϕn,k,r,s

n = 1 1 ≤ k ≤ H1+1 s = 1 B1,k,1,1 = 1 ϕ1,k,1,1 =
π
20

1
k 2 ≤ s ≤ k B1,k,1,s = EX[2K, 2NP 2(P−k+1) +

2N (s− 2) , P ] ϕ1,k,1,s = π
20

s
k n 2 ≤ n ≤ P ′

r = 1 1 ≤ k ≤ Hn + 1 2 ≤ s ≤ k Bn,k,1,s =

EX
[
2K, 2NP 2(P−

∑n−1
j=1 (Hj+1)−k+1) + 2N (s− 2) , P

]
ϕn,k,1,s =

π
20(s/(

∑n−1
j=1 (Hj + 1) + k)) 2 ≤ r ≤ n − 1 Bn,k,r,s =

EX[2K, 2NP 2(P−
∑n−1

j=1 (Hj+1)−k+1) +2M ′(
∑r−1

j=1 (Hj + 1)+ s− 2), P ]

ϕn,k,r,s = π
20(

∑r−1
j=1 (Hj + 1) + s)/(

∑n−1
j=1 (Hj + 1) + k) 1 ≤

s ≤ Hr + 1 r = n 1 ≤ s ≤ k

An,k,r,s =
Bn,k,r,s

e
iϕn,k,r,s

π
20

1
H ≤ ϕn,k,r,s ≤ π

20



TITOLO 205

(wn w∗
n)

P
n=1 = ((wn,k w∗

n,k)
Hn+1
k=1 )P

′
n=1

w1,1 = u1
A1,1,1,1

w1,k = u1
A1,k,1,1

+
∑k−1

s=1
e1,s

A1,k,1,s+1

2 ≤ k ≤ H1 + 1 2 ≤ n ≤ P wn,1 =
∑n−1

r=1 (
ur

An,1,r,1
+

∑Hr
s=1

er,s
An,1,r,s+1

) + un
An,1,n,1

wn,k =
∑n−1

r=1 (
ur

An,k,r,1
+

∑Hr
s=1

er,s
An,k,r,s+1

) + ( un
An,k,n,1

+
∑k−1

s=1
en,s

An,k,n,s+1
) 2 ≤ k ≤ Hn + 1

(n, k) < (n′, k′) n < n′ n = n′ k < k′

C x ∈ X ‖x‖ = 1

n 1 ≤ n ≤ P − 1,
∣∣u∗n+1(x)

∣∣ > 1

Q2

Q

((((h (n, k, i) f (n, k, i)))4i=1)
Qn+1
k=1 )n−1

n=1 ∪ ((h (n, 1, i) f (n, 1, i)))4i=1

u ∈ span(un)
n
n=1 ‖u‖ = 1

u =

n∑

n=1

anun |an| < K 1 ≤ n ≤ n

(b (n, k, i))4i=1)
Qn+1
k=1 )n−1

n=1 ∪ (b (n, 1, i))4i=1

w =
∑n−1

n=1

∑Qn+1
k=1

∑4
i=1 b (n, k, i) ..

w∗
h(n,k,i),f(n,k,i) (x)wh(n,k,i),f(n,k,i)+

∑4
i=1 b (n, 1, i)w

∗
h(n,1,i),f(n,1,i) (x) ..

wh(n,1,i),f(n,1,i)

‖w − u‖ <
1

2M.Q

n ≤ h (n, k, i) 1 ≤ n ≤ n− 1 1 ≤ k ≤ Qn + 1

1 ≤ i ≤ 4 n ≤ h (n, 1, i)

1 ≤ i ≤ 3 n+ 1 ≤ h (n, 1, 4)

b (n, k, i) <
1

2M ′.Q
1 ≤ n ≤ n− 1

1 ≤ k ≤ Qn + 1 1 ≤ i ≤ 4

b (n, 1, i) <
1

2M ′.Q
1 ≤ i ≤ 4



AUTORE206

(vj)
4
j=1 vj =

|vj | eiθj 0 ≤ θj < 2π 1 ≤ j ≤ 4

θj+1 +
π

2
− γj < θj < θj+1 + π + αj − γj 0 < αj <

π

100Q

π

10Q
< γj <

π

10

π

2
− π

10
<

π

2
− γj < θj − θj+1

< π + αj − γj < π − 9π

100Q
1 ≤ j ≤ 3

v = |v| eiθ (bj)
4
j=1 v =

4∑

j=1

bjvj 0 ≤ bj < A (bj)
4
j=1

= 0 1 ≤ j ≤ 4 |v| ∪ (|vj |)4j=1

θ4 = 0 π
2 −

γ3 < θ3 < π+α3 − γ3 θ3 +
π
2 − γ2 < θ2 < θ3 + π+α2
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θ1 ≤ θ < 2π = θ4+2π v = b1v1+ b4v4 b1 > 0
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2P 1 ≤ k ≤ Qn+1 1 ≤ n ≤ P zn,1 = un z∗n,1 =

u∗n zn,k = en,k−1 z∗n,k = e∗n,k−1 2 ≤ k ≤ Qn + 1

w∗ (n, k, i) w∗
h(n,k,i),f(n,k,i) θ (n, k, i)

θh(n,k,i),f(n,k,i) ϕ (n, k, i, r, s) ϕh(n,k,i),f(n,k,i),r,s A (n, k, i, r, s)

Ah(n,k,i),f(n,k,i),r,s B (n, k, i, r, s) Bh(n,k,i),f(n,k,i),r,s E1 (p, q)

2NQ2(Q−
∑p−1

j=1 (Qj+1)−q+1) E2 (p, q) 2N(
∑p−1

j=1 (Qj + 1)+q−2)

E1 (n, k, i) 2NQ2(Q−
∑h(n,k,i)−1

j=1 (Qj+1)−f(n,k,i)+1)) =
E1 (h (n, k, i) , f (n, k, i))
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1 ≤ n ≤ P 1 ≤ k ≤ Qn +1 n = 1 w1,k =
∑k

s=1
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A1,k,1,s

2 ≤ n ≤ P wn,k =
∑n−1

r=1

∑Qn+1
s=1
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+
∑k

s=1
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An,k,n,s

z∗P,QP+1 =
w∗

P,QP+1
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P − 1 1 ≤ k ≤ Qn + 1

z∗n,k =

Qn+1∑

s=k

w∗
n,s

An,s,n,k
+
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r=n+1

Qr+1∑

s=1

w∗
r,s

Ar,s,n,k

∥∥w∗
n,k

∥∥ < EX [2K,E1 (n, k) + E2 (n, k) + 1, Q]

((h(n, 1, i)
f (n, 1, i)))4i=1 (n+ 1, 1) ≤ (h (n, 1, 4) f (n, 1, 4))

n+ 1 ≤ h (n, 1, 4) ≤ P 1 ≤ f (n, 1, 4) ≤ Qh(n,1,4) + 1



AUTORE208

∣∣∣∣∣
w∗
h(n,1,4) f(n,1,4) (x)

Ah(n,1,4) f(n,14),n+1,1

∣∣∣∣∣ =
|w∗ (n, 1, 4) (x)|

B (n, 1, 4, n+ 1, 1)
>

1

Q3
,

|w∗ (n, 1, 4) (x)| /B (n, 1, 4, n,Qn + 1) >

Q2EX [2K,E1 (n, 1, 4) + E2 (n+ 1, 1)− 1, Q]

Qh(n,1,4)+1∑

s=f(n,1,4)+1

∣∣∣w∗
h(n,1,4),s (x)

∣∣∣
Bh(n,1,4),s,n,Qn+1

+

P∑

r=h(n,1,4)+1

Qr+1∑

s=1

∣∣w∗
r,s (x)

∣∣
B,r,s,n,Q,n+1

< EX [2K,E1 (n, 1, 4) + E2 (n+ 1, 1)− 2, Q]

1 ≤ i ≤ 3 (n,Qn + 1 + (i− 3)) ≤

(h (n, 1, i) , f (n, 1, i)) < (h (n, 1, i+ 1) , f (n, 1, i+ 1)) n ≤

h (n, 1, i) |w∗ (n, 1, i) (x)| /B (n, 1, i, n,Qn + 1 + (i− 3))

> (1/Q2) |w∗ (n, 1, i+ 1) (x)| /B (n, 1, i+ 1, n,Qn + 1 + (i− 3))

> EX [2K,E1 (n, 1, i+ 1) + E2 (n,Qn + 1 + (i− 2))− 1, Q]

θ (n, 1, i+ 1) +
π

2
− γn,1,i < θ (n, 1, i) < θ (n, 1, i+ 1) + π

+αn,1,i − γn,1,i 0 < αn,1,i <
π

100Q
<

π

20Q
< γn,1,i <

π

10

γn,1,i = ϕ (n, 1, i, n,Qn + 1)− ϕ (n, 1, i+ 1, n,Qn + 1)

= ϕh(n,1,i),f(n,1,i),n,Qn+1 − ϕh(n,1,i+1),f(n,1,i+1),n,Qn+1

= (
π

20

n∑

j=1

(Qj + 1))(1/(

h(n,1,i)−1∑

j=1

(Qj + 1) + f (n, 1, i))

−1/(

h(n,1,i+1)−1∑

j=1

(Qj + 1) + f (n, 1, i+ 1))).

1
Q2 <

∣∣u∗n+1 (x)
∣∣ =

∣∣z∗n+1,1 (x)
∣∣ = |

∑Qn+1+1
s=1

w∗
n+1,s(x)

An+1,s,n+1,1
+

∑P
r=n+2

∑Qr+1
s=1

w∗
r,s(x)

Ar,s,n+1,1
| ≤

∑Qn+1+1
s=1

|w∗
n+1,s(x)|

Bn+1,s,n+1,1
+

∑P
r=n+2

∑Qr+1
s=1
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|w∗
r,s(x)|

Br,s,n+1,1
≤ Qn+1+1+

∑P
r=n+2(Qr+1)

Q3
m

≤ 1
Q2

C
|w∗(n,1,4)(x)|

B(n,1,4,n,Qn+1) = B(n,1,4,n+1,1)
B(n,1,4,n,Qn+1)

|w∗(n,1,4)(x)|
B(n,1,4,n+1,1) >

1
Q3

B(n,1,4,n+1,1)
B(n,1,4,n,Qn+1) = 1

Q3
EX[2K,E1(n,1,4)+E2(n+1,1),Q]
EX[2K,E1(n,1,4)+E2(n,Qn+1),Q] =

1
Q3

EX[2K,E1(n,1,4)+2N(
∑n

j=1(Qj+1)+1−2),Q]
EX[2K,E1(n,1,4)+2N(

∑n
j=1(Qj+1)−2),Q]

> Q2EX[2K,E1 (n, 1, 4)+

2N(
∑n

j=1 (Qj, + 1) + 1 − 2) − 1, Q] = Q2EX[2K,E1 (n, 1, 4) +

E2 (n+ 1, 1)−1, Q]
∑Qh(n,1,4)+1

s=f(n,1,4)+1

∣∣∣w∗
h(n,1,4),s

(x)
∣∣∣

Bh(n,1,4),s,n,Qn+1
+
∑P

r=h(n,1,4)+1

∑Qr+1
s=1

|w∗
r,s(x)|

Br,s,n,Qn+1
<

∑Qh(n,1,4)+1

s=f(n,1,4)+1

∥∥∥w∗
h(n,1,4),s

∥∥∥+
∑P

r=h(n,1,4)+1

∑Qr+1
s=1

∥∥w∗
r,s

∥∥ ≤ (Qh(n,1,4)−

f (n, 1, 4) + 1 +
∑P

r=h(n,1,4)+1 (Qr + 1))
∥∥∥w∗

h(n,1,4),f(n,1,4)+1

∥∥∥ <

Q..EX[2K,E1 (h (n, 1, 4) , f (n, 1, 4) + 1) + E2(h (n, 1, 4) , f(n, 1,
4) + 1), Q] < EX [2K,E1 (n, 1, 4) + E2 (n+ 1, 1)− 2, Q]
E1(h (n, 1, 4) , f (n, 1, 4)+1) < E1 (n, 1, 4)

C K >

|z∗n,Qn+1 (x) | = |
w∗

n,Qn+1(x)

An,Qn+1,n,Qn+1
+

∑P
r=n+1

∑Qr+1
s=1

w∗
r,s(x)

Ar,s,n,Qn+1
|

|
w∗

n,Qn+1(x)

An,Qm,n+1,n,Qm,n+1
+

∑h(n,1,4)−1
r=n+1

∑Qm,r+1
s=1

w∗
r,s(x)

Ar,s,n,Qn+1
+

∑f(n,1,4)
s=1

w∗
h(n,1,4),s

(x)

Ah(n,1,4),s,n,Qn+1
| < K + |

∑Qh(n,1,4)+1

s=f(n,1,4)+1

w∗
h(n,1,4),s

(x)

Ah(n,1,4),s,n,Qn+1
+

∑P
r=h(n,1,4)+1

∑Qr+1
s=1

w∗
r,s(x)

Ar,s,n,Qn+1
| < 2EX[2K,

E1 (n, 1, 4)+E2 (n+ 1, 1)−2, Q] = 2
Q2 ..

EX[2K,E1(n,1,4)+E2(n+1,1)−2,Q]
EX[2K,E1(n,1,4)+E2(n+1,1)−1,Q]

Q2EX [2K,E1 (n, 1, 4) + E2 (n+ 1, 1)− 1, Q] < 2
Q2

EX[2K,E1(n,1,4)+E2(n+1,1)−2,Q]
EX[2K,E1(n,1,4)+E2(n+1,1)−1,Q]

|w∗(n,1,4)(x)|
B(n,1,4,n,Qn+1) <

1
2Q

|w∗(n,1,4)(x)|
B(n,1,4,n,Qn+1)

(h (n, 1, 3) , f (n, 1, 3)) (n,Qn + 1)
≤ (h (n, 1, 3) , f (n, 1, 3)) < (h (n, 1, 4) , f (n, 1, 4)) n ≤
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h (n, 1, 3)

|w∗ (n, 1, 3) (x)|
B (n, 1, 3, n,Qn + 1)

>
1

Q2

|w∗ (n, 1, 4) (x)|
B (n, 1, 4, n,Qn + 1)

> EX [2K,E1 (n, 1, 4)

+E2 (n+ 1, 1)− 1, Q] ;

ϑ (n, 1, 4) + ϕ (n, 1, 4, n,Qn + 1) +
π

2
< ϑ (n, 1, 3)

+ ϕ (n, 1, 3, n,Qn + 1) < ϑ (n, 1, 4) + ϕ (n, 1, 4, n,Qn + 1)

+ π + αn,1,3 0 < αn,1,3 <
π

100Q

αn,1,3 P ′ = 1+
∑h(n,1,4)−1

r=n+1 (Qr + 1)+

f (n, 1, 4) (vn)
P ′
n=1 =

w∗
n,Qn+1(x)

An,Qn+1,n,Qn+1
∪(( w∗

r,s(x)

Ar,s,n,Qn+1
)Qr+1
s=1 )

h(n,1,4)−1
r=n+1 ∪

(
w∗

h(n,1,4),s
(x)

Ah(n,1,4),s,n,Qn+1
)
f(n,1,4)
s=1 Q′ Q′ > P ′

|
∑P ′

n=1 vn| < |vP ′ | /2Q′

n′ 1 ≤ n′ ≤ P ′ − 1 vn′ = |vn′ | eiϑn′ |vn′ | > |vP ′ | /2P ′

ϑn′ = π+α 0 < α < π ϑP ′ = 0
1 ≤ n ≤ P ′−1 |vn| > |vP ′ | /2P ′ vn = |vn| eiϑn

π+α ≤ ϑn ≤ 2π
∣∣∣
∑P ′

n=1 vn

∣∣∣ < |vP ′ | /2Q′

|vn′ | senα < |vP ′ | /2Q′
senα < (1/ |vn′ |)(|vP ′ | /2Q′

) <
2P ′)/2Q′ Q

0 < αn,1,3 < π/(100Q)

(h(n,
1, 3), f (n, 1, 3)) (n,Qn + 1) (h (n, 1, 4) , f (n, 1, 4))
(n+ 1, 1) (h (n, 1, 2) , f (n, 1, 2)) (n,Qn) ≤ (h(n,
1, 2), f (n, 1, 2)) < (h (n, 1, 3) , f (n, 1, 3)) n ≤ h (n, 1, 2)

|w∗(n,1,2)(x)|
B(n,1,2,n,Qn)

> 1
Q2

|w∗(n,1,3)(x)|
B(n,1,3,n,Qn)

> EX[2K,E1 (n, 1, 3) +

E2 (n,Qn + 1)− 1, Q] ϑ (n, 1, 3) +ϕ (n, 1, 3, n,Qm,n) +
π
2 <

ϑ (n, 1, 2)+ϕ (n, 1, 2, n,Qm,n) << ϑ (n, 1, 3)+ϕ (n, 1, 3, n,Qn)+π+
αn,1,2 0 < αn,1,2 <

π
100Q
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1
Q2

|w∗(n,1,3)(x)|
B(n,1,3,n,Qn)

= 1
Q2

B(n,1,3,n,Qn+1)
B(n,1,3,n,Qn)

|w∗(n,1,3)(x)|
B(n,1,3,n,Qn+1) >

B(n,1,3,n,Qn+1)
B(n,1,3,n,Qn)

..EX [2K,E1 (n, 1, 4) + E2 (n+ 1, 1)− 1, Q] =
EX[2K,E1(n,1,3)+E2(n,Qn+1),Q]
EX[2K,E1(n,1,3)+E2(n,Qn),Q] .EX[2K,E1 (n, 1, 4) + E2 (n+ 1, 1) −

1, Q] > EX [2K,E1 (n, 1, 3) + E2 (n,Qn + 1)− 1, Q] (h(n,
1, 3), f (n, 1, 3)) < (h (n, 1, 4) , f (n, 1, 4))

C ϕ (n, 1, 3, n,Qn + 1) =

ϕ (n, 1, 4, n,Qn + 1) + γn,1,3 γn,1,3 = π
20

∑n
j=1 (Q,j + 1) (1/

(
∑h(n,1,3)−1

j=1 (Qj + 1) + f (n, 1, 3)) − 1/(
∑h(n,1,4)−1

j=1 (Qj + 1) + f(n,

1, 4))) > π
10Q ϑ (n, 1, 4) + π

2 − γn,1,3 < ϑ (n, 1, 3) <

ϑ (n, 1, 4)+π+αn,1,3−γn,1,3 ϕ (n, 1, 2, n,Qn) = ϕ(n, 1, 3,
n,Qn) + γn,1,2 γn,1,2 > π

10Q ϑ (n, 1, 3) + π
2 − γn,1,2 <

ϑ (n, 1, 2) < ϑ (n, 1, 3)+π+αn,1,2−γn,1,2
(h (n, 1, 2) , f (n, 1, 2)) (n,Qn)

(h (n, 1, 3) , f (n, 1, 3)) (n,Qn + 1) (h (n, 1, 1) ,
f (n, 1, 1)) (n,Qn − 1) ≤ (h (n, 1, 1) , f (n, 1, 1)) < (h(n, 1,

2), f (n, 1, 2)) n ≤ h (n, 1, 1) |w∗(n,1,1)(x)|
B(n,1,1,n,Qn−1) >

1
Q2

|w∗(n,1,2)(x)|
B(n,1,2,n,Qn−1) > EX [2K,E1 (n, 1, 2) + E2 (n,Qn)− 1, Q]

ϑ (n, 1, 2) + π
2 − γn,1,1 < ϑ (n, 1, 1) < ϑ (n, 1, 2) + π + αn,1,1 − γn,1,1

((((h (n, k, i) f (n, k, i)))4i=1)
Qn+1
k=1 )n−1

n=1
1 ≤ n ≤ n − 1

1 ≤ k ≤ Qn + 1 1 ≤ i ≤ 4 1 ≤
n ≤ n−2 N (n, k, i) =

∑n−1
j=n+1 4 (Qj + 1)+4 (Qn − k + 1)+(5− i)

N (n− 1, k, i) = 4 (Qn−1 − k + 1)+(5− i) 1 ≤ k ≤ Qn−1+1
1 ≤ i ≤ 4 N (n− 1, Qn−1 + 1, i) = 5− i 1 ≤ i ≤ 3

N (n− 1, Qn−1 + 1, 4) = 1

1 ≤ k ≤ Qn+1 1 ≤ i ≤ 3 (n,Qn−
1−N (n, k, i)) ≤ (h (n, k, i) f (n, k, i)) < (h (n, k, i+ 1) f (n, k, i+ 1))
|w∗ (n, k, i) (x)| /B(n, k, i, n,Qn − 1 − N (n, k, i)) > EX[2K,E1(n,
k, i+1)+E2 (n,Qn −N (n, k, i))−1, Q] θ (n, k, i+ 1)+ π

2 −γn,k,i <
ϑ (n, k, i) < ϑ (n, k, i+ 1) + π + αn,k,i − γn,k,i 1 ≤ k ≤ Qn
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(n,Qn − 1−N (n, k, 4)) ≤ (h (n, k, 4) f (n, k, 4)) < (h (n, k + 1, 1)
f (n, k + 1, 1)) |w∗ (n, k, 4) (x)| /B(n, k, 4, n,Qn−1−N (n, k, 4)) >
EX [2K,E1 (n, k + 1, 1) + E2 (n,Qn −N (n, k, 4))− 1, Q]

1 ≤ n ≤ n − 2 (n,Qn − 1 − N(n,Qn + 1, 4)) ≤ (h(n,
Qn + 1, 4) f(n,Qn + 1, 4)) < (h(n + 1, 1, 1) f(n + 1, 1, 1))
|w∗(n,Qn + 1, 4)(x)|/B(n,Qn + 1, 4, n,Qn − 1 − N(n,Qn + 1, 4))
> EX[2K,E1(n+ 1, 1, 1) + E2(n,Qn −N(n,Qn + 1, 4))− 1, Q]

(n,Qn − 1−N(n− 1, Qn−1 +1, 4)) = (n,Qn − 2) ≤ (h(n−
1, Qn−1 + 1, 4) f(n − 1, Qn−1 + 1, 4)) < (h(n, 1, 1) f(n, 1, 1))
|w∗(n−1, Qn−1+1, 4)(x)|/B(n−1, Qn−1+1, 4, n,Qn−2)> EX[2K,
E1(n, 1, 1) + E2(n,Qn − 1)− 1, Q]

n ≤ h(n, k, i) 1 ≤ n ≤ n − 1 1 ≤ k ≤ Qn + 1
1 ≤ i ≤ 4

(h(n−1, Qn−1+
1, 4)) f(n − 1, Qn−1 + 1, 4)) (n,Qn − 2) ≤ (h(n − 1, Qn−1 +
1, 4) f(n−1, Qn−1+1, 4)) < (h(n, 1, 1) f(n, 1, 1)) n ≤
h(n−1, Qn−1+1, 4) |w∗(n−1,Qn−1+1,4)(x)|

B(n−1,Qn−1+1,4,n,Qn−2) >
1
Q2

|w∗(n,1,1)(x)|
B(n,1,1,n,Qn−2) >

EX[2K,E1(n, 1, 1) +E2(n,Qn − 1)− 1, Q] ϑ(n, 1, 1) + π
2 −

γn−1,Qn−1+1,4 < ϑ(n−1, Qn−1+1, 4) < ϑ(n, 1, 1)+π+αn−1,Qn−1+1,4−
γn−1,Qn−1+1,4 ((h(n − 1, Qn−1 + 1, i)

f(n− 1, Qn−1 + 1, i)))3i=1 1 ≤ i ≤ 3 (n,Qn − 1−N(n−
1, Qn−1 + 1, i)) = (n,Qn − 1 − (5 − i)) ≤ (h(n − 1, Qn−1 +
t1, i) f(n − 1, Qn−1 + 1, i)) n ≤ h(n − 1, Qn−1 +
1, i) < (h(n − 1, Qn−1 + 1, i + 1) f(n − 1, Qn−1 + 1, i + 1))

|w∗(n−1,Qn−1+1,i)(x)|
B(n−1,Qn−1+1,i,n,Qn−1−(5−i)) > 1

Q2
|w∗(n−1,Qn−1+1,i+1)(x)|

B(n−1,Qn−1+1,i+1,n,Qn−1−(5−i)) >

EX[2K,E1(n−1, Qn−1+1, i+1)+E2(n,Qn−(5−i))−1, Q]
ϑ(n−1, Qn−1+1, i+1)+ π

2 −γn−1,Qn−1+1,i < ϑ(n−1, Qn−1+1, i) <
ϑ(n− 1, Qn−1 + 1, i+ 1) + π + αn−1,Qn−1+1,i − γn−1,Qn−1+1,i

(((h(n − 1, k, i) f(n − 1, k, i)))4i=1)
Qn−1

k=1
1 ≤ k ≤ Qn−1 (n,Qn − 1 − N(n − 1, k, 4)) = (n,Qn − 1 −

4(Qn−1 − k + 1) − 1) ≤ (h(n − 1, k, 4) f(n − 1, k, 4)) < (h(n −
1, k+1, 1) f(n− 1, k+1, 1)) |w∗(n−1,k,4)(x)|

B(n−1,k,4,n,Qn−1−4(Qn−1−k+1)−1) >

EX[2K,E1(n− 1, k+1, 1)+E2(n,Qn− 4(Qn−1−k+1)− 1)− 1, Q]
1 ≤ i ≤ 3 (n,Qn − 1 − N(n − 1, k, i)) =
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(n,Qn − 1 − 4(Qn−1 − k + 1) − (5 − i)) ≤ (h(n − 1, k, i) f(n −
1, k, i)) < (h(n−1, k, i+1) f(n−1, k, i+1)) n ≤ h(n−
1, k, i + 1) 1 ≤ i ≤ 4 |w∗(n−1,k,i)(x)|

B(n−1,k,i,n,Qn−1−4(Qn−1−k+1)−(5−i)) >

EX[2K,E1(n− 1, k, i+1)+E2(n,Qn− 4(Qn−1− k)− 9+ i)− 1, Q]
−4(Qn−1 − k + 1)− (5− i) = −4(Qn−1 − k)− 9 + i

u =

n−1∑

n=1

(an,1un +

Qn∑

k=1

an,k+1en,k) + an,1un =

n−1∑

n=1

Qn+1∑

k=1

an,kzn,k

+an,1un an,k+1 = 0 1 ≤ k ≤ Qn 1 ≤ n ≤ n− 1

an,1 = an 1 ≤ n ≤ n

an,k

ϕn,k,r,s C
ϕn,k,r,s = 0

θ(n, 1, 3) = θ(n, 1, 4)+π
θ(n, 1, 4)+ π

2 < ϑ(n, 1, 3) <
ϑ(n, 1, 4) + π + αn,1,3

∥∥∥∥∥
4∑

i=1

b(n, 1, i)w∗
h(n,1,i),f(n,1,i)(x)wh(n,1,i),f(n,1,i)− an,1un

∥∥∥∥∥<
1

2(M ′+1)Q

4∑

i=1

b(n, 1, i)w∗
h(n,1,i),f(n,1,i)(x)

1

Ah(n,1,i),f(n,1,i),n,1
= an,1
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C

4∑

i=1

b(n, 1, i)
∣∣∣w∗

h(n,1,i),f(n,1,i)(x)
∣∣∣ e

i(θh(n,1,i),f(n,1,i)+ϕh(n,1,i),f(n,1,i),n,1)

Bh(n,1,i),f(n,1,i),n,1

= an,1

(ϑ(n, 1, i)+ϕ(n, 1, i, n, 1))4i=1
(ϑ(n, 1, i))4i=1

1 ≤ i ≤ 3 θ(n, 1, i+ 1) + π
2 − γn,1,i < θ(n, 1, i) < θ(n, 1, i+ 1) + π +

αn,1,i − γn,1,i 0 < αn,1,i <
π

100Q γn,1,i = α
∑n

j=1(Qj + 1)

α = π
20(

1∑h(n,1,i)−1
j=1 (Qj+1)+f(n,1,i)

− 1∑h(n,1,i+1)−1
j=1 (Qj+1+f(n,1,i+1)

)

(ϑ(n, 1, i) + ϕ(n, 1, i, n, 1))4i=1
βn,1,i =

ϕ(n, 1, i, n, 1) − ϕ(n, 1, i + 1, n, 1) = α(
∑n−1

j=1 (Qj + 1) + 1)

ϑ(n, 1, i+1)+ϕ(n, 1, i+1, n, 1)+ π
2−γn,1,i < ϑ(n, 1, i+1)+ϕ(n, 1, i+

1, n, 1)+ π
2 −γn,1,i+βn,1,i = θ(n, 1, i+1)+ϕ(n, 1, i, n, 1)+ π

2 −γn,1,i <
θ(n, 1, i)+ϕ(n, 1, i, n, 1) < θ(n, 1, i+1)+ϕ(n, 1, i, n, 1)+π+αn,1,i−
γn,1,i = θ(n, 1, i+1)+ϕ(n, 1, i+1, n, 1)+π+αn,1,i−γn,1,i+βn,1,i <
θ(n, 1, i+ 1) + ϕ(n, 1, i+ 1, n, 1) + π + αn,1,i − 1

2γn,1,i βn,1,i =

α(
∑n−1

j=1 (Qj +1)+1) < 1
2α

∑n
j=1(Qj +1) = 1

2γn,1,i
C θ(n, 1, i+1)+ϕ(n, 1, i+1, n, 1)+ π

2−γn,1,i <
θ(n, 1, i) + ϕ(n, 1, i, n, 1) < θ(n, 1, i + 1) + ϕ(n, 1, i + 1, n, 1) + π +
αn,1,i − 1

2γn,1,i

C
∑n−1

j=1 (Qj + 1) + 1∑n
j=1(Qj + 1)

Q
γn,1,i

C π
20Q < γn,1,i <

π
10

θh(n,1,3) f(n,1,3)+ϕh(n,1,3) f(n,1,3),n,Qn+1 =
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θh(n,1,4) f(n,1,4) + ϕh(n,1,4) f(n,1,4),n,Qn+1 + π θh(n,1,3) f(n,1,3) =

θh(n,1,4) f(n,1,4) + γn,1,3 + π

b(n, 1, j)
|w∗

h(n,1,j),f(n,1,j)
(x)|

Bh(n,1,j),f(n,1,j),n,1

b(n, 1, j)

N
C N

|w∗
h(n,1,j),f(n,1,j)(x)|/Bh(n,1,j),f(n,1,j),n,1

b(n, 1, j) N M ′ Q
P C

1 ≤ n ≤ n − 1 : 2 ≤ k ≤ Qn + 1

||[(
∑Qn+1

j=k+1

∑4
i=1 b(n, j, i)

w∗
h(n,j,i),f(n,j,i)

(x)

Ah(n,j,i),f(n,j,i),n,k
+
∑n−1

l=n+1

∑Ql+1
j=1

∑4
i=1 b(l,

j, i)
w∗

h(l,j,i),f(l,j,i)
(x)

Ah(l,j,i),f(l,j,i),n,k
+

∑4
i=1 b(n, 1, i).

w∗
h(n,1,i),f(n,1,i)

(x)

Ah(n,1,i),f(n,1,i),n,k
)en,k−1 +

∑4
i=1 b(n, k, i)w

∗
h(n,k,i),f(n,k,i)(x)..wh(n,k,i),f(n,k,i)]−an,ken,k−1||< 1

2(M+1)Q

||[(
∑Qn+1

j=2

∑4
i=1 b(n, j, i)

w∗
h(n,j,i),f(n,j,i)

(x)

Ah(n,j,i)e,f(n,j,i),n,1
+

∑n−1
l=n+1

∑Ql+1
j=1

∑4
i=1 b(l, j, i)

w∗
h(l,j,i),f(l,j,i)

(x)

Ah(l,j,i),f(l,j,i),n,1
+

∑4
i=1 b(n, 1, i)

w∗
h(n,1,i),f(n,1,i)

(x)

Ah(n,1,i),f(n,1,i),n,1
)un+

∑4
i=1 b(n, 1, i)w

∗
h(n,1,i),f(n,1,i)(x).wh(n,1,i),f(n,1,i)]−

an,1un|| < 1
2(M+1)Q

w =
∑n

n=1 bnwf(n)

u =
∑n

n=1 anun wf(n)

wf(n)

Hn
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((wn,k w∗
n,k)

Hn+1
k=1 )P

′
n=n

((wn,k w∗
n,k)

Hn+1
k=1 )P

′
n=1

(wn w∗
n)

P
n=1 (vn v∗n)

P
n=1

n 1 ≤ n ≤ P/5 P 5

v5n−4 = (−w5n−4/D) + w5n−3 + ei
π
2 w5n−2 + eiπw5n−1 + ei

3π
2 w5n

v∗5n−4 = (−Dw∗
5n−4) + w∗

5n−3 + w∗
5n−2 + w∗

5n−1 + w∗
5n

v∗5n−4(v5n−4) = (+1) + (1 + ei
π
2 + eiπ + ei

3π
2 ) = 1

v5n−3 = w5n−3 + w5n−4/D v∗5n−3 = w∗
5n−3 − v∗5n−4

= Dw∗
5n−4 − (w∗

5n−2 + w∗
5n−1 + w∗

5n)

v5n−2 = w5n−2 + w5n−4/D v∗5n−2 = w∗
5n−2 − ei

π
2 v∗5n−4 =

ei
π
2 Dw∗

5n−4 + (1− ei
π
2 )w∗

5n−2 − ei
π
2 (w∗

5n−3 + w∗
5n−1 + w∗

5n)

v5n−1 = w5n−1 + w5n−4/D v∗5n−1 = w∗
5n−1 − eiπv∗5n−4 =

ei
3π
2 Dw∗

5n−4 + (1− eiπ)w∗
5n−1 − eiπ(w∗

5n−3 + w∗
5n−2 + w∗

5n)

v5n = w5n + w5n−4/D v∗5n = w∗
5n − ei

3π
2 v∗5n−4 =

ei
3π
2 Dw∗

5n−4 + (1− ei
3π
2 )w∗

5n − ei
3π
2 (w∗

5n−3 + w∗
5n−2 + w∗

5n−1)

D ≥ 2
∑P

n=1 ‖w∗
n‖

(vn v∗n)
P
n=1 (wn w∗

n)
P
n=1

(5n−i)
4
i=0 ⊂ ((((h(n, k, i) f(n, k, i)))4i=1)

Hn+1
k=1 )n−1

n=1 ∪ ((h(n, 1, i)

f(n, 1, i)))4i=1
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|w∗
5n−4(x)|∑3

i=0 |w∗
5n−i(x)| D |w∗

5n−4(x)|
(v∗5n−i(x)v5n−i)

3
i=0

(Dw∗
5n−4(x)w5n−3, e

iπ
2 Dw∗

5n−4(x)w5n−2,

eiπDw∗
5n−2(x)w5n−1, e

i 3π
2 Dw∗

5n−4(x)w5n)

(on)
2S
n=1 E = l2

S

∞ (on, o
∗
n)

2S
n=1

(ôn, ô
∗
n)

2S
n=1

(on, o
∗
n)

2S
n=1

ô1 ∪ (ô2m−1+1)
S
m=2

1− lS1
(e′1, e

′
2) l2∞

(e1, e2) e1 = e′1+e′2 e2 = e′1−e′2
(e1, e2) l21

||e1+ei
π
2 e2||= ||(e′1+e′2)+ei

π
2 (e′1−e′2)|| = (|1+ei

π
2 |, |1−ei

π
2 |)=

√
2

(1 + ε)− lN1
N ε > 0 (on)

NN+1

n=1

lN
N+1

∞

e1 =

NN∑

k=1

o1,k o1,k =

kN∑

l=(k−1)N+1

ei
l−(k−1)N

N
2πol 1 ≤ k ≤ NN
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o1,1 =

N∑

l=1

ei((
l
N
)2π)ol o1,NN =

NN∑

l=(NN−1)N+1

ei((
l−(NN−1)N

N
)2π)ol

e2=

NN−1∑

k=1

o2,k o2,k=

kN∑

l=(k−1)N+1

ei
l−(k−1)N

N
2πo1,l 1≤k≤NN−1

eN =

N∑

k=1

oN,k oN,k=

kN∑

l=(k−1)N+1

ei
l−(k−1)N

N
2πoN−1,l 1≤k≤N

(an)
N
n=1

∣∣∣∣∣

∥∥∥∥∥
N∑

n=1

anen

∥∥∥∥∥−
N∑

n=1

|an| | ≤ ε(N)

N∑

n=1

|an| ε(N) =
∣∣∣1− ei

2π
N

∣∣∣

=
√
2

√
1− 2π

N

(en)
N
n=1 (1+ε(N))− lN1
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(ak)
P
k=1 (

∑K
k=1 ak)

P
K=1

(M, ε)− K Q

1 ≤ K ≤ Q ≤ P |
K∑

k=1

ak| ≤ |
Q∑

k=1

ak|+M ′. (|ak| : 1≤k≤P ) + ε

(e′n)
2Q
n=1 l2

Q

1 e1 = e′1
en = e′n − e′n−1 2 ≤ n ≤ 2Q (an)

2Q
n=1

(π(n))2
Q

n=1 (n)2
Q

n=1

(∣∣∣∣∣

q∑

n=1

aπ(n)

∣∣∣∣∣

)2Q

q=1

(1, 0)−

(∥∥∥∥∥

q∑

n=1

aπ(n)eπ(n)

∥∥∥∥∥

)2Q

q=1

(0, 0)−

|an| =
a > 0 1 ≤ n ≤ 2Q

X

(wn) (wn, w
∗
n) M ′−

X span(wn) X x X
w∗
n(x) = 0 n x = O

(wn) M ′− X (wn, w
∗
n)

(un) u2n−1 = wn u2n = iwn
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n Xr span(un)

x ∈ X ((cp,n)
q(p)
n=1)

∞
p=1

cp,n = c′p,n+ic′′p,n n p ||x−
∑q(p)

n=1 cp,nwn|| <
1
p p ||x−

∑q(p)
n=1(c

′
p,nu2n−1+c′′p,nu2n)|| < 1

p

p X ⊆ Xr y ∈ Xr

((c′p,n, c
′′
p,n)

q(p)
n=1)

∞
p=1 ||y −

∑q(p)
n=1(c

′
p,nu2n−1 +

c′′p,nu2n−1)|| = ||y −
∑q(p)

n=1(c
′
p,n + ic′′p,n)wn|| < 1

p p

X ⊇ Xr X Xr

(un) Xr (un)
x ∈ Xr x =

∑∞
n=1 anuπ(n)

(π(n)) (n) (an) (π(n))∞n=1
(u2n−1, u2n) n

(π̃(n)) (n)
(uπ(2n−1), uπ(2n)) = (u2π̃(n)−1, u2π̃(n)) n

(un) X

(wn) M ′ X ⇐⇒ (un) M ′ Xr

(wn) X ⇐⇒ (un) Xr

(wn) X ⇐⇒ (un) Xr P

(un) P

x =

∞∑

n=1

anuπ(n) =

∞∑

n=1

(a2n−1uπ(2n−1) + a2nuπ(2n)) =

∞∑

n=1

(a2n−1u2π̃(n)−1)

+a2nu2π̃(n)) =

∞∑

n=1

(a2n−1 + ia2n)wπ̃(n) =

∞∑

n=1

cnwπ̃(n)

cn = a2n−1 + ia2n n (cn)
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